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Abstract In this paper, we are concerned with the semilocal convergence analysis
of a Newton-like method discussed by Bartle (Amer Math Soc 6: 827-831, 1955)
to solve the generalized operator equations containing nondifferentiatble term in
Banach spaces. This method has also been studied by Rheinboldt (STAM J Numer
Anal 5: 42-63, 1968). The aim of the paper is to discuss the convergence analy-
sis under local Lipschitz condition [|Fy — Fy || < @(|lx — xol)) for a given point
xo. Our results extend and improve the previous ones in the sense of local Lipschitz
conditions. We apply our results to solve the Fredholm-type operator equations.

Keywords Banach space - Generalized operator equation - Fréchet derivative -
Newton-like method - Semilocal convergence - Nonlinear Fredholm-type
operator equation

Mathematics Subject Classifications (2010) 65J15 - 49M15

1 Introduction

Let X and Y be two Banach spaces and D be an open convex subset of X. Throughout
the paper, we denote by B, [x] the closed ball defined as B.[x] = {y € X : ||y —
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x|l < r}, B(X, Y) the Banach space of bounded linear operators from X to Y, Ny =
N U {0} and ® denotes the collection of all nondecreasing and continuous functions
¢ : [0, 00) — [0, 00). Consider the nonlinear operator equation

F(x)=0, (1.1

where F is an operator defined from D into Y such that F is continuously Fréchet
differentiable at each point of D. The problems of differential and integral equations,
differential inequalities, optimization problems, variational problems, fixed points
and many others can be formulated in terms of finding the solution of nonlinear
operator equations (1.1) (see [10, 12, 13, 15, 18, 31]).

In his work Bartle [11] used the following iteration process for the solving of
operator (1.1):

Xp1 = Xn — Ay 'F(x,), foralln € Np, (1.2)

where {A,}7°, is a sequence of bounded linear operators from X into Y satisfying
the conditions

1
[ 40— F | <, and [ 47"

X0

‘<X,

for some A > 0 (see [26]). In [19], Pereyra discussed the convergence analysis
of (1.2) for solving the least square problems. In [23], Rheinboldt discussed the
convergence analysis of (1.2) for solving (1.1) using the Lipschitz condition:

In [1, 14, 18, 20], the following general condition is considered for convergence of
Newton-like method:

where o is a given real-valued function.
It is interesting to consider the following condition:

Fy — Fj|| < Kllx — yl|, forall x, y € D and for some K > 0. (1.3)

F{ - F}| < o(lx -y, (1.4)

|F = F[ | < ox = xol). (1.5)

It is easy to see that (1.5) is a weaker assumption than (1.4) (see also [17]).
In this paper, we consider the problem

Fx)+G(x) =0, (1.6)

where F and G are two operators defined on an open convex subset D of a
Banach spaces X into another Banach space Y such that F is continuously Fréchet
differentiable at each point of D and G is not necessarily differentiable. The
operator equation (1.6) is discussed in [3-9, 22, 24, 25, 27-29] and references
therein.

Motivated by Bartle [11], the purpose of this paper is to introduce a Newton-
like method for solving (1.6) and discuss its semilocal convergence analysis under
the local Lipschitz condition (1.5). Since our assumptions on nonlinear operators
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F and G involving in operator equation (1.6) are fairly general, our main result
(Theorem 3.1) covers a wide variety of nonlinear operator equations and it signifi-
cantly improves the corresponding results of Argyros [2], Bartle [11] and Rheinboldt
[23]. As an example, we apply our results to the class of Fredholm-type operator
equations.

2 Preliminaries
In subsequent sections, we shall make use of the following lemmas.

Lemma 2.1 (Rall [21], Page 50) Let L be a bounded linear operator on a Banach
space X. Then the followings are equivalent:

(a) There is a bounded linear operator M on X such that M~ exists, and
M—-L| < .
l l el

(b) L~ exists.

[y |~

Further, if L™" exists, then HL || < =M < I {|M ML

Lemma 2.2 Let a, b and c be three positive real numbers and let ¢ € ®. Suppose
that the function ¢ : [0, 00) — (—00, 00) defined by

(p(s):/Sa(qb(t)—i-b)dt—s—i—cforallse[O, o0) 2.1)
0

has a minimum positive zero r*. Then the sequence {t,} defined by
to=0,t441 =th + @), n € Ny (2.2)

is nondecreasing and converges to r*. Further, if there exists a point r** € (0, 00)
such that o (r**) < 0 and r* is the unique zero of ¢(r) in (0, r**], the sequence {sy}
defined by

so =r*", Snt1 = Sp +@(su),n € Ny

is nonincreasing and hence converges to r*.

Proof First, we show that the sequence {#,} is bounded above by r*. Since r* > 0
and 1y = 0, we have 7y < r*. Note that

*

r*—c= /f a(p(t) + b)dr > 0.
0

Hence #; = ¢ < r*. Suppose that t,, < r* for some integer n > 1. By the definition
of {t,}, we obtain

*

tn r
r* =ty =r*—/ a(qb(t)—l—b)dt—c:/ a(p(t) +b)dt > 0,
0 In
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which implies that
el < r*.
Thus, by induction, f, < r* for all n € Ny and hence {z,,} is bounded.

Next, we show that {#,} is a monotonically increasing. Since r* is minimum pos-
itive zero of ¢(s), we have ¢(s) > 0 for all s € (0, r*). Since #, < r*, we have
@(t,) > Ofor all n € Ny. Hence, we conclude that {#,} is a nondecreasing sequence.
Therefore, {,} is a convergent sequence and converges to ¢*, for some t* € [c, r*].
From (2.1), ¢ is continuous, it follows from (2.2) that * = r*+¢(t*), i.e., o(t*) = 0.
Note that r* is the unique zero of ¢. Therefore t* = r*. It is easy to see that the
sequence {s,} is nonincreasing, bounded and converges to r*.

3 Newton-like algorithm and its convergence analysis

Let F and G be two operators defined on an open convex subset D of a Banach space
X with values in a Banach space Y such that F is Fréchet differentiable at each point
of D and G is a Lipschitzian operator. Let {A,})7 , be a sequence of bounded linear
operators from X into Y such that A,~! € B(Y, X). To solve the operator equation
(1.6), we define the Newton-like algorithm as below: Starting with xg € D and after
X, € D is defined, we define the next iterate x,| as follows:

Xnal = Xn — A~ (F(xn) + G(xp)), forall n € Ny. 3.1

Now we are ready to prove the main result for solving Problem (1.6) in the
framework of a Banach space.

Theorem 3.1 Let F and G be two operators defined on an open convex subset D of a
Banach space X with values in a Banach space Y such that F is continuously Fréchet
differentiable at each point of D and G is a Lipschitzian operator with Lipschitz
constant K. Let {A,})2 ) be a sequence of bounded linear operators from X into Y.
For xog € D, assume that the operators F and {A,} satisfy (1.5) with v € ® and the
following conditions:

(€ A, 'e B, X)and |A," Y| < B foralln € Ny and for some 8 > 0;

(€C2) [[Ag™" (F(x0) + G(x0) | < n, for some 1 > 0;

(C3) ||F);0 — A, <4, forall n € Ny and for some § > 0;

(C4) The function h(r) defined by

h(r) = frﬁ(a)(t) 4+ K +8)dt —r +n forallr € [0, 00)
0

has a minimum positive zero r* in (0, 00).
Assume that B,«[xo] € D. Then, we have the followings:

(@) The sequence {x,} generated by (3.1) is well defined, remains in B,+[x¢] and
converges to a solution x* of (1.6). The following error estimates hold:

lxp — xp—1ll <ty — ty—1, for alln e N, (3.2)
lxn — xoll <t,, foralln e N (3.3)
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and

lx* — xpll < ¥* —ty, forall n € Ny,

where {t,} is a sequence generated by

to =0, thy1 =ty + h(ty), n € No. 3.4

(b)  If there exists a point r** € (0, 00) such that h(r**) < 0 and r* is the unique
zero of h(r) in (0, r**], then x* is the unique solution of (1.6) in By«[xo] N D.

Proof (a)

Seta = B,b = K + § and ¢ = n. It follows from Lemma 2.2 that the

sequence {t,} defined by (3.4) is monotonically increasing and converges to r*.
We now proceed with the following steps:

Step 1.

lxn — Xp—1ll <ty — tp—1 and ||x, — xol| < t, foralln € N.

Since [lx1 — xo|l = [[Ao~ " (F (x0) + G (x0))|| <n =11 — fo. Hence
(3.2) and (3.3) hold for n = 1. Let k > 1 be a fixed integer. Assume
that (3.2) and (3.3) hold forn = 1,2, ---, k. Again, from (3.1), we
have

llxk1 — xll = HAk_l(F(xk) + G(xg) — F(xg—1) — G(xg—1)
—Ag—1(xk _xk—l))H
= | F e = P = By (o — men + G

—G (xx—1) + Fyy(xx — xx-1) — Ap—1 (5% — xx-1)) H

< HA[l H [| FGx) = Fax—1) — Fl ok — xi—1) |
+1G(xx) = Gr—DIl + || Fry ek — xx—1)
— Ak—1 Gk — xk—1) | ]

o D N [CATEA TR

xdt + |G (xr) — G-l
+ 1 Fyy — Ak—tllllxe — xe—-1 II]
1
= ﬁfo o (t lxe — xoll + (1 = 1) lxk—1 — x0ll)
X |lxg — xk—1lldt + B(K + 8)llxx — xx—1l

|
< /0 Bo(tte + (1 — Otg—1) (& — tx—1)dt
+B(K + 8)(t — tk—1)

/3
=/'ﬂwm+K+mm=@H_M
tk—1
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Step 2.

Numer Algor (2014) 67:289-303

and hence

lxe+1 — xoll < lIxk+1 — Xkl + llxe — xp—1ll + -+ - + llx1 — xoll < tk+1 — t0.

Thus, (3.2) and (3.3) hold for n = k + 1. Hence, (3.2) and (3.3) hold
foralln € N.

{x,} converges to a solution x* € By+[xg] of (1.6) with the estimate
lx* — x,]| < r*—t,. Note ||x, — xg|| <t, < r*forall n € N. This
shows that {x,} is in B,=[xg]. From (3.2), we see that {x,} is a Cauchy
sequence and hence converges to some x* € B,«[x]. From (3.1), we
get

IF (en) + GOl = 1y — Anllllxnsr — xall + 1 Fg Ilxas1 — Xl

&+ I1Fy, Dt — tn) — Oasn — oo.

IA

From the continuity of F and G, we have F(x*) + G(x*) = 0. From
(3.2), we have

m—+n

Xm0 — Xnll < Z lxk — xk—1ll < tmn — tu-
k=n+1

Taking limit as m — oo, we get |x* — x,|| < r* —t1,.

(b) Suppose there exists a point r** € (0, co) such that A(r**) < 0 and r* is the
unique zero of h(r) in (0, r**]. We have seen in part (a) that x* € B [xq]
is a solution of (1.6). Suppose that y* € B,x«[x¢] is another solution of (1.6).
Define a sequence {s;,} by

Sntl = Sp + h(sy), s0o = r**,n e Np.

By Lemma 2.2, it follows that the sequence {s,} is monotonically decreasing
and converges to r*. We now show that
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For n = 0, (3.5) holds, since ||y* — xg|| < r** = s9 — #p. Let k > 0 be a fixed
positive integer. Suppose that (3.5) holds forn = 0, 1, - -- , k. From (3.1), we
obtain

Iy* = xiarll = 1" = x + A (F (i) + G
= A (FO) + G) — FO*) = GO™) — Ao — y) I
= A (F) — FO™) = Ff, (i — ") + Gx) — G(GYY)
+Fy, (o = y*) — Ak (e — y))I

1
< ||A;:'||[ fo ICF iy g -y — FL) ik = y*)ldt
+ GG — GOHI + 1Yy — Aellllx - y*n]
1
< ﬂ/ (1= 0)lly* = xell + e = xol)1y* — xilldr
0

+BK +)Iy* — xill

1
< /0 B (1 —0)(sk — 1) + 1) (sx — t)dt + B(K + 8) (s — 1)

- f‘k B(w() + K + 8)dt
Ty

S 1
/ ‘ Bw() + K + 8)dt — / ’ B(w(t) + K + 8)dt
0 0

= Sk+1 — lk+1-

Thus, (3.5) holds for n = k + 1. Hence, (3.5) holds for all n € Ny. Then, in
view of (3.5), we get

Iy —xull <sp —t, — O0asn — oo.

Hence, x* = y*. Thus, x* is the unique solution of (1.6) in B=[xg].

Remark 3.2 Bartle [11] pointed out that algorithm (1.2) can be applied for solv-
ing (1.1) and Rheinboldt [23] applied the algorithm (1.2) for solving (1.1). As
the operator G in (1.6) is not necessarily differentiable, so we can not solve the
operator equation (1.6) by applying the results of Bartle [11] and Rheinboldt [23].
Theorem 3.1 is applicable for solving the operator equation (1.6). Therefore,
Theorem 3.1 is more general than results of Bartle [11] and Rheinboldt [23].

Remark 3.3 Consider a sequence {zn}z';o in D and define A, = A(z,), foralln €
Np. In this case, the iterative algorithm (3.1) reduces to

Xnt1 = Xn — Azn) T (F(xn) + G(xn)), n € No. (3.6)
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Suppose all the assumptions of Theorem 3.1 hold, then {x,} defined by (3.6)
converges to a solution x* of (1.6).

Remark 3.4 1f A(z,) = FZ’” and G = 0, then (3.6) reduces to

X1 = Xn — F/'F(x,), n € N. (3.7)
In particular, if z,, = xg, then (3.7) reduces to

Xnt1 =X — F 7 F(xa), n € No. (3.8)
The convergence analysis of (3.7) has been discussed in [11, 30]. The convergence
analysis of (3.8) has been discussed in [2, 11].

We now impose some conditions on A,, for existence of A1

Theorem 3.5 Let F and G be two operators defined on an open convex subset D of a
Banach space X with values in a Banach space Y such that F is continuously Fréchet
differentiable at each point of D and G is a Lipschitzian operator with Lipschitz
constant K. Let {A,}°2 , be a sequence of bounded linear operator from X into Y
such that Ag~! € B(Y, X). For xy € D, assume that the operator F and {An})20
satisfy (1.5) with w € ® and (C2) — (C3) with the following conditions:

(C5) N|Ao — Anll < B and B'||Ao~"|| < 1 for all n € No and for some B’ > 0;
(C6) The function hy(r) defined by
ho(r) = f B (@) +K+8)dt —r+n,r>0
0

—1
has a minimum positive zero r* € (0, 00), where 8 = max {ﬁ]” ] l/‘f;\l(l)A !1 e
- 0
Assume that By«[xg] € D. Then, we have the followings:

(a) The sequence {x,} generated by (3.1) is well defined, remains in B,+[xg] and
converges to a solution x* of (1.6). The following error estimates hold:

lxnt1 — xull < rpg1 —ra

and

5% = xpll < 7% —rn,
where {r,} is a sequence generated by
ro =0, rpp1 =1 + ho(ra).
(b) If there exists a point r** € (0, 0o) such that ho(r**) < 0 and r* is the unique
zero of ho(r) in (0, r**), then x* is the unique solution of (1.6) in B,»[xo]N D.

Proof Note

Ao —Anll <B' < -
140~
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Hence by Lemma 2.1, A,f1 exists for each n € N and
_ 1A~
1AM < o
1L —pB1Ao |l
Thus,

A, "1 < B, forall n € Ny.
Hence all the conditions of Theorem 3.1 hold for 8 = B”. Therefore, the conclusion
of Theorem 3.5 follows from Theorem 3.1.

Remark 3.6 Consider a sequence {z,};°, in D and define A, = A(z,), forall n €
Np. Suppose all the assumptions of Theorem 3.5 hold. Then {x,} defined by (3.6)
converges to a solution x* of (1.6).

4 Application

Let X be a Banach space over the field F (R or C) with norm || - || and D an open
convex subset of X. Further, let B(X) be the Banach space of bounded linear opera-
tors from X into itself. Let S € B(X),u € X and A € F. We seek a solution x € X
of the nonlinear Fredholm-type operator equation:

x = AS(0(x)+ R(x)) = u, 4.1)

where Q : D — X is a continuously Fréchet differentiable at each point of D and
R : D — X is a Lipschitzian operator. The operator equation of the form (4.1) with
R = 0is discussed in [16, 18]. Define the operators F, G : D — X by

Fx)=x—-AS0(x)—u,x €D “4.2)

and
G(x) = —ASR(x),x € D. “4.3)

Then, solving problem (4.1) is equivalent to solving the equation (1.6). From (4.2),
we obtain

Fi(y)=y—ASQ.(y),y € X.

We now apply Theorem 3.5 for solving operator equation (4.1).

Theorem 4.1 Let D be an open convex subset of a Banach space X and let Q and R
be two operators from X into itself such that Q is continuously Fréchet differentiable
at each point of D and R is a Lipschitzian operator with Lipschitz constant K*. Let
S e B(X),u € Xand A € F. Let {An};’l":0 be a sequence in B(X) such that Aal
exists. For xo € D, assume that the operator Q and {A,} satisfy the conditions (C5)
and

(C7) ||Aa] (x0 — AS(Q(x0) + R(x0)) —w)|l < n for somen > 0;
(C8) |11 —rSQ%, — Aull < & for some § > 0;
c9 10, — Q;OH < wo(llx — xql) for all x € D, where wgy € ®;
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(C10) The function
ho(r) = / B"(IMIISI(wo(r) + K*) + 8)dt —r +1n, r >0
0

has a minimulm positive zero r* € (0,00), where B’ =
max {ﬂ] piAnt I
Assume that B,«[xg] € D. Then, we have the followings:
(@) The sequence {x,} generated by
X1 = Xn = Ay (O = AS(Q(an) + RO) —u)n€No  (4.4)

is well defined, remains in By+[xo] and converges to a solution x* of (4.1). The
Sfollowing error estimates hold:

lxnt1 — xull < rpg1 —ra 4.5)

and
”)C*_xn” <r*—ry, (4.6)

where {r,} is a sequence generated by
ro =0, rnq1 = ra + ho(ry).

(b)  If there exists a point r** € (0, 00) such that ho(r**) < 0 and r* is the unique
zero of ho(r) in (0, r**], then x* is the unique solution of (4.1) in By=[xo]N D.

Proof Let F,G : D — X be two operators defined by (4.2)—(4.3). Clearly, F
is Fréchet differentiable at each point of D and G is a Lipschitzian with Lipschitz
constant |A]||S||K*. From (C7), we have

1AG " (F (x0) + GGxo) || = 1Ay " (x0 — AS(Q(x0) + R(x0)) — w)|| < .
hence (C2) is satisfied. From (C8), we have
IF), — Aull = IT — ASQ), — Aull <6,
it follows that condition (C3) holds. For x € D, we have that
I Fy — Fy Il = sup{l|Fyz — Fyzll 2 € X, |zl = 1)
IAIS T sup{ll Q5 — Q5 llllzll = z € X, lizll = 1}

<
= o(llx —xolD,

where @ () = |A]||S||wo(¢). Thus, all the assumptions of Theorem 3.5 are satisfied.
Note Algorithm 4.4 can be written as (3.1). Therefore, Theorem 4.1 follows from

Theorem 3.5.

The following corollary follows from Theorem 4.1.

Corollary 4.2 Let D be an open convex subset of a Banach space X and let Q and R
be two operators from X into itself such that Q is continuously Fréchet differentiable

at each point of D and R is a Lipschitzian operator with Lipschitz constant K*. Let
S € B(X),ue Xandi €F. Let {z,,} be a sequence in D and A be an operator from
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X into B(X) such that A(zo)™" exists. For xo € D, assume that the operator Q and
Al(zp) satisfy (C9) with wg € ® and

(CII) [AGzo) — AGn)|l < B and B/ A(zo) "Il < 1 for some B’ > 0;
(C12)  [|A(z0) ™" (xo — AS(Q(x0) + R(x0)) — w)ll < n for some n > 0;
(C13) I —ASQ, — A(zn)|l < 8 for some § > 0;

(C14) The function

ho(r) = /o B"(MIS I (wo(t) + K*) +8)dt —r +n, r >0

has a minimum positive zero r* € (0,00), where B’ =
Lo AT }
B 1-pAGo) ™|

Assume that B+[xo] € D. Then, we have the following:

max {

(@) The sequence {x,} generated by
Xng1 =X — AZn) " (@ — AS(Q(xn) + R(xp)) —u),n €Ng  (47)

is well defined, remains in B+[xy] and converges to a solution x* of (4.1). The
error estimates (4.5) and (4.6) hold.

(b)  If there exists a point r** € (0, 0o) such that ho(r**) < 0 and r* is the unique
zero of ho(r) in (0, r**], x* is the unique solution of (4.1) in B,«[xo] N D.

We now discus the solution of Fredholm integral equation.

Example 4.3 Let D = X = CJO0, 1] be the space of all continuous real valued func-

tions defined on [0, 1] with norm ||x|| = sup |x(s)|. Let A = 210 and consider the
s€l0,1]
following nonlinear integral equation

1
x(s) = sin(mws) + )»/ e”(sin(x(t)) + |x(®)|)dt, s € [0, 1]. 4.8)
0
Define S, Q, R: C[0, 1] — CJO0, 1] by
1
Sx(s) = / e x(t)dt, Qx(s) = sin(x(s)), Rx(s) = |x(s)|, forall x € C[0, 1] and s € [0, 1].
0

Clearly, S is a bounded linear operator on C[0, 1] with ||S|| = e — 1 and Q
is a Fréchet differentiable operator on D with its Fréchet derivative Q' given by
Q' h(s) = cos(x(s))h(s) forall h € C[0, 1] and s € [0, 1]. Also, R is a Lipschitzian
operator with Lipschitz constant K* = 1. Let xo(s) = sin(xs). Then xo € C[0, 1].
For any x € C[0, 1], we have

1(Q — Qi )hl

SUP]I(Q; = QD)

s€[0,1

= sup [(cos(x(s)) — cos(xo(s)))h(s)|
s€l0,1]

< [lx = xollll7]l.
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Thus, we have
10} — Q%I < wo(llx — xoll), forall x € C[O, 1],

where wo(t) = t, t > 0. Clearly, wg € ®. Let {z,,} be a sequence in C[0, 1] defined
by

. (On+10)7s
Zp(8) = sin < 100+ 1) ,n € Np.
Observe that
. ((On+10)7s . niws nmw
lzn —x0]l= sup |sin —sin(mws)| < sup = .
s€l0,1] 10(n + 1) se0.1] 10(n +1)  10(n + 1)

Next, consider the sequence {A(z,)} given by

1
A(zp)h(s) = h(s)—k/ k(s, t)cos(z,(t))h(t)dt, forallh € C[0, 1]and s € [0, 1],
0

where k(s, 1) = 1 + st + Szztz. Now, we have
1
Azo)h(s) = h(s) —A/ k(s, 1) cos(zo(t)h(2)dt, forall s € [0, 1].
0

It follows from [16] that A(zg) ! exists and ||A(zp) || < }% Next, we have

1
[(A(z0) — A(zn))h(s)] K/O k(s, 1)(cos(za (1)) — cos(zo())h(t)dt

IA

1
/\fo |k (s, 1)(cos(z, (1)) — cos(zo(!)))| [h(1)|dt

2
- (64 35 + 59)

n— h )
< 120 iz — zolllI2l

which gives

1
[(A(z0) — A(za))h|l = sup [(A(z0) — A(zn))h(s)] =

< _llzn — zollll%]l.
s€[0.1] 12

Hence, we have

1
lA(z0) — A(za)|l < 12 llzn ~ 0.0262 < 0.40 = 8.

” < nim
1= 1200 + 1)
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Clearly, BlIIAGzo) " < 1. Using Gauss-Legendre numerical integration formula
with two nodes, we obtain ||A(z())7] (xo — AS(Q(xp) + R(x0)) —uw)| < 0.12 = n.
Now, we have

1
|(I=AS Q' —A@)h(s)| = )»/ [ k(s, 1) cos(za (1)) — €* cos(xo(1) ] h(t)dt
0

1
|
0

1
A /0 [ [k (s, 1) (€02 (1)) — cos(xo ()]
0 kk

>0 costro®)

k=3

IA

|h(1)| dt

o0 k. k
k(5. 1) cos(zn (1)) — (k(s, n+Y ) cos(xo(1))
k=3

IA

+

] |h(2)| dt

3.3 st

1
K/O [\k(s, 1)(cos(z, (1)) — cos(xo(1)))| + ’ t6

Al TR T
X0 276 ) T oa| M

IA

]Ih(t)ldl

IA

which gives that

I —ASQ, — Akl = SE)PI] |(I = A8 Q% — Aza)h(s)]
s€lo,

A[u ||(1+S+s2)+e}||hu
sup Zn — X0
sel0,1] " 2 6 24

1 e
n— hl.
[lzllzz x0||+480:| 72|

IA

Hence, we have

e nmw

< + ¢ <0032=3s.
480 = 120(n + 1) © 480

1
11 —ASQy, — Azl < 12||Zn — xoll +

- 2
Since = I14G0) U= <25=]

n_ 1 _
1-B1AG) " = 11 — 7 p» wehave B = 4 =2.5. Note that

ho(r) = /0 B" (MIS N (wo(t) + K*) 4+ 8)dt —r + 1

2
= g (A||S|| (rz +r> +5r> .

B'e—1) , p'(e—1)+208"5 20
r-+ r
40 20
= Ar’ + Br + C,
, B = BeD0F8=20 0 ) Since B2 —4AC ~ 0.4458 > 0,
—B++/B2—4AC F
2A '

+1
_ B

where A = 7

the equation ho(r) = O has real and distinct roots, which are

_B_/B2— _ 2_ .
r¥ = \/ZA 4AC and F* = 6.38 < BJ“/ZIZ 4AC, one can see that r* is the

or
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minimum positive zero of hg(r), ho(r**) < 0 and r* is the unique zero of hgy(r)
in (0, r**]. Hence, all the conditions of Corollary 4.2 are satisfied. Therefore, the
sequence {x,} generated by (4.7) is well defined, remains in B,+[xg] and converges
to a solution of the integral equation (4.8) which is unique in B,»<[xg].
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