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Abstract In the present article, we establish a semilocal convergence theorem for the
S-iteration process of Newton—Kantorovich like in Banach space setting for solving
nonlinear operator equations and discuss its semilocal convergence analysis. We apply
our result to solve the Fredholm-integral equations.
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1 Introduction

In the recent trend, a challenging problem is to obtain an approximate solution of a
nonlinear equation that arises in many kind of engineering applications and scientific
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computation such as in civil engineering, mechanics, chemical engineering, numeri-
cal optimization, integral and differential equations, Game theory, Economics and in
various branches of applied mathematics (see [1-4]).

A number of iterative methods to obtain a solution of nonlinear equations are
available in the literature (see [3—7]). Newton’s method is probably the well-known
iterative method for finding approximate solution of these equations (see [5—12]).
Newton’s method is attractive because it converges quadratically under some rea-
sonable hypothesis. Initially, a Russian mathematician Kantorovich [3] introduced
the Newton’s method in Banach space setting and studied its convergence analy-
sis under some reasonable conditions. A number of authors used various ideas to
prove local and semilocal convergence of Newton’s method (see [1,2,7,11-22]) since
Newton—Kantorovich method [3]. Most of them hit a certain boundedness condition of
Kantorovich [3] and used the majorant principle (see [3,10]) to analyse the semilocal
convergence of various Newton-like methods. In recent years, various modifications
of Newton’s method has been proposed in the literature which have either equal or
better performance than the Newton’s method (see [20-22]).

In [20], Ezquerro, Gonzdlez and Herndndez have discussed the convergence
analysis of Newton’s method under a slightly more general condition as taken by Kan-
torovich [3]. In [21,22], Ezquerro, Gonzalez and Herndndez have further discussed
the semilocal convergence analysis of Newton’s method for m-times differentiable
operator.

On the other hand, Agarwal, O’Regan and Sahu [23] have introduced the S-iteration
process in Banach spaces for computing fixed points for nonlinear operators. It is
remarked that the S-iteration process is independent of the Mann [24] and Ishikawa
[25] iteration processes. The S-iteration process has a wide range of applications,
including fixed point of a class of nonexpansive-type mappings in Banach spaces.

In [26], motivated by S-iteration process, the first author has introduced the normal
S-iteration process. Note that the normal S-iteration process is applicable for finding
solutions of constrained minimization problems and split feasibility problems (see
[26]). Following [26, Theorem 3.6], we remark that the normal S-iteration process is
faster than the Picard and Mann iteration processes for contraction mappings.

Motivated by normal S-iteration process, a new iteration process of Newton-like
method for finding root of real-valued functions has been introduced in [27]. The
semilocal convergence analysis of normal S-iteration process for modified Newton’s
method has been discussed in [18] and for generalized Newton’s method in [28].

The purpose of this paper is to deal with semilocal convergence analysis for S-
iteration process of Newton—Kantorovich like in Banach space setting for solving
a nonlinear operator equation involving more than two times continuously Fréchet
differentiable operator.

The remaining part of the paper is organized as follows: In Sects. 2 and 3, we
give some basic definitions and some known results related to the main results of this
paper. In Sect. 4, motivated by Sahu [27], we propose S-iteration process of Newton—
Kantorovich like in a Banach space and give its semilocal convergence analysis. Our
main result extends the main result of [22, Theorem 9] from Newton’s method to S-
iteration process of Newton—Kantorovich like. In Sect. 5, we give local convergence
analysis of Newton—Kantorovich method and our S-iteration process of Newton—
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Kantorovich like in a Banach space. Finally, we conclude Sect. 6 with numerical
examples, where Kantorovich theorem [3, Theorem 6, p. 708] fails and our result
holds good.

2 Newton Methods
For solving the nonlinear operator equation of the form
F(x) =0, ey

Kantorovich (see [3]) introduced the following Newton’s method in Banach space
setting:
Wot1 = wy — Fpy ' F(wy), n € No, )

where F : D C X — Y is a nonlinear operator defined on an open convex subset D
of a Banach space X with values into a Banach space Y and F denotes the Fréchet
derivative of F at point x € D. Kantorovich [3] discussed the convergence analysis
of method (2) under the following reasonable condition:

|F,|l <K forall x € D and for some K > 0. A3)

In [20], Ezquerro et al. have studied the convergence analysis of Newton’s method (2)
under the following generalization of condition (3):

IF/ | < w(|x]) forall x € D,

where w : [0, co[— R is a continuous nondecreasing function. Recently, Ezquerro et
al. [22] have discussed a semilocal convergence of (2) under the following generalized
conditions:

-1 —1 —1 —fo).
(C1) I1F I < ks and | FlTF (o)l < A

©2) |FD) < fD ) for j=2.3,....m—1and ||| < f™ (1) forall x € D
and t € [19, c] with || x — xo|| <t — 1,
where f € C™ ([, c]), 19, ¢ € R.
Let X be a normed space, D a nonempty convex subset of X and 7 : D — D an
operator. Then, for arbitrary xo € D, the normal S-iteration process [26] is defined by

Xpp1 =T((1 — ap)xy + 0, Txy), n € Ny,

where {«,} is a sequence in ]0, 1[.
In [27], a new iteration process of Newton-like method for finding the solution of
real equation f(¢) = 0 has been introduced as follows:

J (sn) f(tn)

-5, =1 - t s =1t — s
7 (5n) Sn ( Qp)lty + Qpliy, Uy n ) n

where {«},} is a real sequence in ]0, 1[.

i1 = Sn €No, @

@ Springer



J Optim Theory Appl (2017) 172:102-127 105

3 Preliminaries

Let X and Y be two Banach spaces. Throughout the paper, we denote B(X,Y) a
collection of bounded linear operators from a Banach space X into another Banach
space Y. For some r > 0, B.[x] and B, (x) are the closed and open balls with center
x and radius r respectively, Ny = N U {0}, C"([a, b]) a collection of all n time
continuously differentiable real-valued functions defined on [a, b] C R.

In this section, we give some basic definitions and lemmas which are useful in the
remaining part of the paper.

Definition 3.1 (mth Fréchet derivative) [6] Let D be a nonempty open subset of a
Banach space X and Y be another Banach space. The operator F : D — Y is said
to be m-times Fréchet differentiable at point x € D if there exits a m-linear bounded
operator F{™ : X — Y such that

m— —1
NE T (s ) = B0 G ) = B g )] o

1
[l | —0 ”hmH

where h; € X, 1 <i <m.

Lemma 3.1 (Taylor’s Theorem) [6] Let X and Y be two Banach spaces and D be
an open convex subset of X. Let F : D — Y be an m times continuously Fréchet
differentiable operator. Then for all x, y € D, we have

m—1 1 m—1
1 . 1— m "
F(y)=F(x) + > ﬁFé“w—x)f + /0 —((m f)l), F o —=x)"ds (5)
j=1

where F)Ej)(y —x)) = F)Ej)((y —x),(y —x),...J times),1 < j <m.

Definition 3.2 [9] Let {r,,} be a sequence in R and {x,} a sequence in a Banach space
X. Then, sequence {t,} is a majorizing sequence of {x,} if ||x, — x,—1|| <, — ty,—1
for all n € N.

Lemma 3.2 [9] Let X be a Banach space and {x,} a sequence in X. Let {t,} be a
majorizing sequence of {x,}. Then, we have the following:

(a) Sequence {t,} is nondecreasing.
(b) If sequence {t,} converges to t* < oo, there exists x* € X such that lim x, = x*
n—oQ

and ||x* — x,|| < t* —ty, for all n € Ny.

Lemma 3.3 (Rall [5], p. 50) Let L be a bounded linear operator on a Banach space
X. Then, L~" exists if and only if there is a bounded linear operator M in X such that

M~ exists, and |M — L|| < ||M]—*1|| IfL_1 exists, then

o M~ [m~
HL ” =1z I1—m-1L| = 1—||M="| 1M —LII’
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Lemma 3.4 ([22]) Leta,b € Rand f € C™ ([a, b]), m > 3 be such that f(a) >
0, f'(a) < 0and fP(a) > 0for j =2,3,4,....,m —1and f™ () > 0 for all
t € [a, b]. Then, we have the following:

(i) Ifthere exists s* € la, b[ such that f'(s*) = 0, then f is decreasing in [a, s*[ and
s* is the unique minimum of f in [a, b].

(i) If f(s™) < 0, then the real equation f(t) = O has at least one solution in [a, b].
Moreover, if t* is the smallest solution of f(t) = 0inla, b, then a < t* < s*.

4 Semilocal Convergence Analysis

In this section, we extend S-iteration process of Newton-like (4) in Banach space
setting and study its semilocal convergence analysis.

Algorithm 4.1 Let X and Y be two Banach spaces, D a nonempty open convex subset
of X.Let F : D — Y be a nonlinear Fréchet differentiable operator. Let {c,} be a
sequence in ]O, 1[. Starting with xo € D and after x,, € D defined, we define the next
iterate x,1 as follows:

Yn = xn_F)én_lF(xn), Zn = (1—ap)Xn+anyn, Xp+1 = Zn_Fz/n_lF(Zn)’ n € Ny. (6)

Algorithm 4.2 Leta, = « €]0, 1[. Starting with xo € D and after x,, € D is defined,
we define the next iterate x,1 as follows:

Yn = Xn _F;én_lF(xn)’ Zn = (I =a)xp +0yn, Xnt1 = zn _FZ/H_IF(Zn), n € Ny, (7)

where F and D are same as in Algorithm 4.1.

We begin with the following:

Lemmad4.1 Leta,b € Rand f : [a,b] — R be three times continuously differen-
tiable function such that f(a) > 0, f'(a) < 0, f/ (a) > 0 and f// (t) > 0 for all
t € [a, b]. Then, we have the following:

(i) If there exists s* € la, b[ such that f'(s*) = 0, then f is decreasing in [a, s*[
and s* is the unique minimum of f in [a, b].
(i) If f(s*) < O, then the real equation f(t) = 0 has at least one solution in [a, b].
Moreover, if t* is the smallest solution of f(t) = 0in la, b[, thena < t* < s*.
(iii) The sequences {t,} and {s,} generated by (4) are increasing and converge to t*.
Moreover,

a <ty <sy <ty <t foralln e Ny.

Proof For the choice m = 3, parts (i) and (ii) follows from Lemma 3.4.
(iii) With the help of our assumptions and Taylor series, we can easily see that

)= f'@+ f (a+6G—a)t—a)>0forallt € [a, b], where 8 €10, 1[.
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Let v € ]0, 1[ and define h,, z, : [a, s*[— R by

o f@) o fw
hy (1) = zv(1) @) () =t vf/(z)‘ 8)
Fort € [a, t*[, we have
b (f'@)* = fOf @)
aO =1y
_ U= 0P +ofof @
(f'(1))? '

Hence z,,(¢) is strictly increasing on [a, t*[. Thus, we have a < z,(t) < z,(t*) = t*
for all + € [a, t*[. One can easily observe that /,(¢) is increasing on [a, t*[ with
a < hy@t) < h,t*) =t*forall ¢ € [a, t*[. From (8), we have

-4
= —m [f @ @) = (@) = /O (@@) — 1) + (1 =v) f(1)]
= - f,(zlv(z)) [/01 £+ 5@ = D)1 =)@ —D*ds + (1 — v)f(t):| =0
)
forall ¢t € [a, t*[. From (8), we have
() =1 — UJJ:/((?) >t forallt € [a, t*]. (10)
Therefore, from (9) and (10), we obtain
t <zy(t) < h,(t) <t* forallt € [a, t¥]
and hence
a <ty < Sp = Za, (ta) < hg, (ty) = ty11 < t* forall n € No,
where {«,} is a sequence in ]0, 1[. This completes the proof. O

We show that the sequence generated by (4) has quadratic convergence as the
sequence generated by (11):

Theorem 4.1 Leta,b € Rand f : [a, b] — R be twice continuously differentiable
function. Assume that t* € la, b[ a simple root of f(t) = 0 and ty is sufficiently close
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to t*. Let {t,} be a real sequence generated by S-iteration process of Newton-like (4)
and a real sequence {r,} generated by Newton method

f(rn)

Np. 11
BNITS) n € No (11)

'n+1 =

If both the sequences {r,} and {t,} with o, = a € 10, 1[ converges to t* starting from
to, then we have the following error estimates:

& [ ()

2
F1(@*) o).

Entl =

Nl:w

where &, = r, — t* for all n € Ny and

e’n+1=(1—a)2(2§,(t*))8’2+ ofe’ ))

where &', = t, — t* forall n € Ny.

Proof Note that t* is a solution of the equation f(¢) = 0. Set r, = t* + ¢, for all
n € Np. Using the Taylor expansions, we have

e —e _ ft* +ep)
N ()
el @)+ E 1) +oe?)

fr@) + 8nf// (t*) + o(en?)

e £ (%) 5 )( G s )‘
=<¢n — n — n 1 En n
¢ ( T Pm TOED )\ ey oten)

_ 5n2 f”(t*) 2
=5 RS + o(ey”).

Set s, = t* 4+ 1, and 1, = t* + ¢, and using the Taylor expansions, we have
—¢ _ f(t* +é )
=0 T e )
L) + ) + oe?)
=& —«
! f1@*) + e, f1 (%) + o(g?)

7] * * -1
25;,_0‘[ +8——f (t)+o(8;,2)][1 ;,f( )+ (/2)]

2 f1@) ]
/2 t*
=(—-a), +a« 2 70 +o(g;)) (12)
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and
e —=p _ J @+ mn)
= T e
1)+ B £ () + o)
F1@) +naf" (%) + o(n?)

2 £ ex * -1
= 1y — (nn+n—"w+0(nﬁ))(l+n A, +0(nﬁ)) :

Tn

2 1) G
(13)
From (12) and (13), we have
1 f// (t*)
e = (1)’ (zmsf + oty ) :
This completes the proof. O

We now ready to establish our main results:

Theorem 4.2 Let X and Y be two Banach spaces, D a nonempty open convex subset of
X and xg € D. Let F : D — Y be a nonlinear m(m > 3) times continuously Fréchet
differentiable operator such that F;;l € B(Y, X) exists. Let tg,c € R and let f €
C ™ ([to, c]) such that f(to) > 0, f'(t0) < —1, fD (1) > O0for j =2.3,...,m—1
and f(’”)(t) > 0 forallt € [ty, c]. Let s* € ltg, c[ be the solution of f'(t) = 0 such
that f(s*) < 0. Suppose that t* € ty, c[ is the smallest positive root of f(t) = 0 and
B,[xo] C D, where r = t* — ty. Assume that the conditions (C1) — (C2) hold. Then,
we have the following:

(a) The sequences {x,} and {z,} generated by (6) are well defined, remain in B, [x¢]
with the following estimates:
@ llzn—1 = Xn—1ll < $n—1 = ta—y and | F, ||| < =5r—5 foralln € N;
1) ||xp — zn—1ll < t, — Sn—1 and ||xp — xp—1ll <ty — ty—1 foralln e N;
(i) 1F; < =gty IS0 < f D (sum1) and || F (o)l < () foralln € N,
i=23,..m—1;
) |FO) < fO,) foralln e Nandi =2,3,....m — 1,
where {t,} and {s,} are real sequences generated by (4).
(b) The sequence {x,} converges to the solution x* € B,[xq] of operator equation (1)
and the following error estimate holds:

lx* — x,|| <t* —1t, foralln € Ny.
(¢) If there exists another solution t** € (tg, ¢) of f(t) = 0 such that t* < **, x*

is the unique solution of (1) in Bp+_s(x0) N D and if t* = t**, x* is unique in
B,[xo]l N D.
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Proof (a) Note that f’(¢) is strictly increasing on [fg, s*) and f/(t) < O for all z €
[to, s*[. Then for ¢, s € [ty, s*[ with < s, we have

;ﬁg; <1 (14)

Letx € Bylxol, 7 € [fo, c] be such that ™", w775 exist, y = x — F{~' F(x) € By [x0],
s = 1= € lio, el with [y=x|| < s =1, |r o]l = r =roand if | F;~! | = =775,
IFO ) < £O(),i =2,3,..., m. Then, we have

m=1 () 1
Fy —x)/ 1
IFOI = |+ 3 = T Gy 00 R0 e
m ()
F. (y—X)f m—1 p(m m

= Z X i m—l)‘/ 1-0) F+0() x)(y x)"do
j=2
m—1 ~(j) 1

| Fy ||||y—x||/ 1 / m—1,( (m) m

< A=y NF Iy = x[™de
= J! m—l)! 0 T0(y—x)
m=l e _ni 1
Z (’)(S ) ! /(1—9)m—1f<'">(r+9(s—z))(s—z)'”de
s CED

)] Y

- )+ Z f (t)(s )]
+7/ A=) M+ 0(s —1)(s —1)™do = f(s) (15)
m— D! Jo

and
11— FUE

m—1 £(j) j—1
Fy''(y — x)/ 1 (m) _ _
/ 1 2 1
= (F +Z G- D! +(m—2)!/ Frson (1 =" 50 = 0" 7d0

m—1 (j) i—1 1
— ey —x)/ 1 (m) - —
gt X _gym—2,, _ ym—I
_‘ " (Zz G- +<m—2>!/o Frto—n =020 =0T
=
-1
< IE) Z IED) it || 11— 6"y x| dp
= 2 D! X 2)| x+9(v X) y—4
Jj=

1 = f(j)([) '—1 m m—2 m—1
= - (jz(j_l)!(stﬂ o 2),/ F™ @+ 6 — )1 —6)" (s —1) de)

~
N
—~
~
-

f(J)(t) jfl (m) m—2 m—1
f(t)(z 1)!( s —1) 2)'/ FM @ +06—0)1—0)" (s —1) d9)
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f's)
- , 16
S0 (16)

We now proceed with the following steps:
Step I Sequences {x,} and {z,} are well defined, remain in B.[xg] and estimates
(i)—(iv) are true for n = 1.
From (4) and (6), we have
S (t0)

/—1
lzo — xoll < aoll Fy, F(x0)|l < —ato— =0 —1to < r.

S (t0)

Thus, zg € B,[xo]. By (14) and (16), we obtain

f! (So)
~ flo )

11— F'FL <1
Therefore, by Lemma 3.3, we have

IF < (17)

1
= fGso)

Noticing that f/(f9) < —1 and ||zo — xo|| < so — fo. Using (4) and (6), we have

lx1 — z0ll = I1FLy ' Fzo)l
= IIFl; 1 (F(z0) — F(x0) — F}y (3o — x0))
= IF; 1 (F(z0) — F(x0) — F}y(z0 — x0) — Fiy (v0 — 20))
= IFly ' (F(z0) — F(x0) — F}(z0 — x0) + (1 — a) F (xo))|

< IF / 1F 4 sz—xoy | (1 = 91120 = o1 %ds

+( = e I(Fy  FL) T HIEG  F(xo)

1 b 2 £ (1)
—m (/ f (o +s(so — 10))(1 — s)(sp — 19)"ds — (1 — aO)f’(t())

F(s0) — flto) — f(t0)(s0 — to) — (1 — ag) f(to))

f/( )( 1 (o)
_ S (o)
= f/(So (f(SO) — f(to) + o f(10) — (1 —Olo)f,(to)>

1

= —(1-

f’( 9 (f(So) ( Olo)f(lo)( f’(fo)))

_ JGo) P
f'(s0) '

Hence

lx1r — xoll < llx1 — zoll + llzo = xoll <t1 —to <r.
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Therefore, x| € B,[xp]. Using (14) and (16), we have

EGY)
— <
S/ (s0)

11— F ' F <1

By Lemma 3.3 and (17), we obtain that IIFJQI_l I < —%.
Now fori =2,3,...,m — 1, using Taylor’s series (5), we have

o o m=1 Eﬁgf)(zo — xp)ii 1 FX(S"L(ZO_XO)(I — 1y (zg — xo)™
IFON = |FO+ > - , dr
=it G —=0! 0 (m—i—1)!
m-1 ) j—i Sy
i Il Fey "Il (zo — x0) "I L gT—. —ie i
< F(l)‘ 0 0+1(z0—%0 1 — pym—i 1 _ m=i gy
< |r0]+ X T A U L LR
Jj=i+l1
) m=l () )i Um0 4 ¢ (s — & ) .
< D) + Z / (o)'(So' x0) +/ S (o+'(So o))(1 il (s — 1) Tdr
o (= Jo (m—i—1!
Jj=i+1
= (0. (18)

From (15) and (18), we have || F(x1)|| < f(t1). Fori =2,3,...,m — 1, by Taylor’s
series (5), we have

m—1 ) i—i 1 pm _ pym—i—1 _ m—i
i i Fgl(x1 — z0)/ F, _d =0 (x1 — 20)
I = P04 3 SRy [ e d
Pl (G —i)! 0 (m—i—1)!
ol 2 S IED M =20l I e - :
< HFj(;)” + Z 20 11~ + / WHWIZ20) 7 () pym—i= dtflxy — zo|™
: S (= Jo (m—i—1D!

. m=l - (j) )i 1 p(m) . , .
< £ () + z fy (so)‘(ll : s50)7 +/ £ (so +~t(t1 30))(1 ey — sy
et G = Jo (m—i—1)!

= fO).

Step Il Sequences {x,} and {z,} are well defined, remain in B,[x¢] and estimates
(i)-(@iv) are true for alln > 1.

Let k > 1 be a fixed integer. Assume that sequences {x,} and {z, } are well defined
and remain in B, [xg] and estimates (i)—(iv) are true forn = 2,3, ..., k. From (4)
and (6), we have

lzk — xicll = el FL F ol < el Fi T Gl
S ()
1)

= —agk

=Sk — Ik

and

lzk = xoll < llzx — xx—1ll + llxx—1 —xoll < sxg —fo <t* —19 <.
Hence zx € By[xo]. From (14) and (16), we get [|I — F/'F, | < 1 - jff(jg < 1.
Therefore, by Lemma 3.3, we have ||Fz’k_1 | < —ﬁ. Set vy = xp +1 (2 — X)), Wi =
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Zk—1 + t(xg — 2k—1) and by = tg + t(Sk — 1), ck = Sg—1 + 1 (tx — sk—1), t €10, 1[.
By Taylor’s series (5), (6) and (4), we have

F(zp) = F(zk) = F(x) = Fy (% — xx)

= F(z) — F(x) = Fy (2 — x) = Fy, Ok — 21)

= F(z) — Fx) = Fy (2 —x0)) + (1= ag) F ()

= F(z) — F(x) = Fy (2 —x) + (1 = ) (F (xg) — F(zg—1) = F_ | O — 2-1)

] 4
— 2
_/0 Frttqp— 1 = D2k = xp)7dr
1 " 2
+( —ozk)/o FZk—|+l(Xk—Zk—1)(1 — ) (xg — zk—1)dt

L, b,
= [ F =06 =m0 e [0 =00 - e

Ufm=1 gDy =2 0 FYY (=3 (g — xg) 2
_ / > Dozl T / R ds | (1= (g — x)2dr
o \5  U- 0 (m —3)!

+l -« )/ b F(J)(Wk o +/1 Fipbsug = 2 _XO)m_zds
g (-2 0 =3

(1 =) — zg—1)2de

and

1 [m—] () i—2 1 (m) _ ym—3 _ m—2

[1Fsy" vk = xoll I F s o —xg 1K1 = )" Nl — xol

IF ol < / - + ds | (1 —1)dt
Jo ; =2 0 (m —3)!

2
llzie — xill

-3 —
a wk)/ uFm wx = xolli 2 +/‘ Oy [ L et
G -2 0 (m — 3)!

(1= D)llxk — zx—1 uzdr

/“ (’”‘ S (w0) by — 1)) 2 /‘1 SO (o + (b — 10)) (1 — )" (b — 10)" > ds)
0

<

= (=2 (m —3)!

) _ 2
(]71)(51(7”() d[+(lfak)/ M
=2

(m) _ _ ym—3 _ m—2
+/ Tt + s(cx — 10)(1 — )" (i — 1) ds)(l—t)(tk—sk,l)zdt
0 (m —3)!
1
=/0 F 4+ 1k — 1)) (1 — 1) (s — 1)*dr

l "
+( = o) /0 F (k=1 + 1t = se—))(L = 1)t — sg—1)2de

= fls0) — fo) — f @)k — 1) + A — ) (f (1) — fls—1) — f k-1 (0 — $k—1))
= fls0) — fo) +an f @) + (1 —a)(f @) — fse—1) — f (k1) — $k—1))
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= fls1) — A —a) f@) + A —a)(f @) — flsk-1) = f/(s—1) @ — sk-1))
S (se)-

From (4) and (6), we have

S (se)
£ (s1)

-1

lxis1 — zell < WFL O Fzoll < — = lk+1 — Sk
k

and

Xk41 = x0ll < X1 — 2kl + llzxk = Xoll S trp1 —t0 <t" =19 =r.

Hence x;4+1 € B,[xo]. Using (14) and (16), we have

/
1,
I —FF 1 <1- Slte)
' * f(Gs%)
Thus, by Lemma 3.3, we get
F/—] <
IFe Il < T

Fori =2,3...,m — 1, by Taylor’s series (5) and (14), we have

-1 J i—i . (m) _ am—i—1 _ m—i
Oy~ || p® S P - Pyt =0 2k —xi) d
” Tk ” - Xk + . N1 . ] | t
=it (G —=0! 0 (m—i—1)!
m—1 ) Jj—i
o 1F8) Wz = xl
<[F2]+ >

et G-

LIES ] . ‘
+/ R (4 = " g — e
0 (m—i—1)!

‘ m=l () )i
< f(l)(tk)_,'_ Z S0 Gk — 1)?

ET VR
1 ¢(m) — . .
S +.t(5k 1)) (1— t)mfz—] (sp — )™ dr
0 (m—i-—1)!
= FD(sp). (19)

From (15) and (19), we have

| F Gl < f (tegr)-
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Fori =2,3,...,m — 1, using Taylor’s series (5), we have
m—1 () i
F (pn — 217~
I )Elf:—l = (l) + Z = —i)!
j=i+1 ] '
/l F;I:n-zt(ka—Zk)(l - t)m_i_l(xk-i-l - Zk)m_i
+ . dt
0 (m—i—1)!
< [Fo] + Z IES Wveegs — 2l
B (=

Jj=i+1
(m)

I F, [ . ‘
+/ (nl;+l();k+l 11)1\') (l _ t)mfzfl ||-xk+l _ Zk”mildt
0 -1 — !

s 0) i
(@) + Y (i) (kg1 — sk)
< /7 Gsx) j§1 T
+/1 S (st A+ 1 tkr = 50))
0

m—i—1 m—i
i e s

= fDteg1).

Hence, we conclude that sequences {x,} and {z,} are well defined and remain in
B, [xo] and the estimates (i) — (iv) are true for n = k + 1. Therefore, by mathematical
induction part (a) is true for all n € Ny.

(b) By part (a), sequence {f,} is majorizing sequence of {x,}. Since sequence {t,}
is convergent, therefore, by Lemma 3.2, sequence {x, } is convergent. Let it converges
to x*. Using continuity of F, f and part (a)(iii), we have

PG = lim [Fe)ll < lim f(5,) = £(*) =0.

Thus, x* is the solution of nonlinear equation (1). For n € Ny, p € N, one can easily
observe that

n+p—1 n+p—1
lxn4p — Xl < Z lxjr1 —x;ll < Z (tj+1_tj)=tn+p_tn~
Jj=n j=n

Taking limit p — oo, we have
lx* — x,|| <t* —1t, foralln € Ny
and hence ||x™ — xg|| < t* — o = r. Thus, x* € B,[xg].
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(c) Suppose that t* < t** and y* is another solution of F(x) = 0 in B+ _y)(x0) N
D. Then,

Iy* —xoll <o (™ —10) witho €10, 1.

Let k£ > 1 be a fixed integer. Assume that ||y* — x,| < o2 (** — 1,) is true for
n=2,3,...,k. Now from (6), we have

ly* = well = ly* — xx + Fy ' F )l
= IF; "(F(y*) = Fa) — Ff (5" = x0) |

< 1EY / IF) iy (L= DO = xi0) 2

/\

<- f(t)/ F (4 1 = ) (1 = Dde|ly* — x|

2
Xk

y* —

’

f(t)

where ju = [i £ (tx +1(1** — 1)) (1 — 1)dr. From (4), we have
S (@)
(1)

T )[f(t**) — ) = f1 @)@ = 1)

1
—m/ e+ 1™ = 1)1 = Hde (¢ — 1)?

l**—ukzl**—tk-i-

_ **_ 2
=T W

Therefore,

*%k

—
Iy =yl < (Z*T

k+1
1)

2
yo—xl© < — ug).

Again, from (6), we have

Iy* = zell < Iy* = (1 — a)xk — o
< (1 —aplly* — xell + ey — yell
= (1 — o ** — 1) + a1 = up)

<% (1 — )™ = 1) + o (™ — up)].
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Now from (6), we have

Iy* = xertll = Iy* — 2z + FL ' F (o)
= |F/.N(F(y*) = F(zx) — F[,(* — z0))

< IFY / 1F, ey (1= DO — 2|

/\

- / F sk + 1™ = s50)(1 = Ddely* — zi 1>
f(s

*

2
— zill%,

|
|
=3

where 1, = [if f" (s + 1(** — s))(1 — 1)dz. From (4), we have

P e = — s+ ]{(gd)
=7 ( )<f(t**)—f(sk)—f (1) (%% — s1))
=70 (S / £k 1@ = s0)( = Ddr (0 — s0)?
- _ff:]; € =5’
= f’l:k )[t** (1 — ap)ty — agug)?
I ( S M) + o — up)
Therefore,
by — x| < (@ = )y — zll? <o — ).

(1 — ap) (% — 1) + ar (% — ug)]?

Therefore, by mathematical induction || y* —x, || < o2 (t** —1,) is true forall n € Ny,
so that y* = x*,
If t* = **, corresponding result follows from previous one. O
Set o, = a €]0, 1] in Theorem 4.2, we have:
Corollary 4.1 Under the hypothesis of Theorem 4.2, we have the following:

(a) The sequences {x,} and {z,} generated by (7) are well defined, remain in B;[xo].
(b) The sequence {x,} converges to the solution x* € B,[xq] of operator equation (1)
and the following error estimate holds:

lx* — x,|| <t* —t, foralln € Ny,
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where sequence {t,} generated by (4) with o;, = o €]0, 1[.

(c) If there exists another solution t** € ty, c[ of f(t) = O such that t* < t**, x*
is the unique solution of (1) in Bp+_s(x0) N D and if t* = t**, x* is unique in
B.[xo] N D.

Now, we discuss the semilocal convergence analysis of S-iteration process of
Newton-like (6) using an important majorizing function f : [0, %[—> R defined by

byt?

, 20
= 20)

f@O=n—t+

where 71, y and b are positive real numbers. Function f was used by Wang in his
work [29,30] for » = 1 in connection to the Smale’s «-theory [31] in order to finding
approximate zero. The function f was also used by Shen and Li [32], Argyros, Khattri
and Hilout [33] to study the convergence analysis of inexact Newton method.

One can easily observe that f”(¢) is strictly increasing on [0, %[ and it has unique

positive zero
b 1 1
s*={1—-,/——])—¢€ 10, — (21)
b+1)y y

andifo =yn <1+ 2b —2/b(b+ 1), then equation f(¢) = 0 has two real roots

o 1+0—/(1+0)2—4(b+ 1) and £ — l+o+/(0+0)2—40b+ o
2(b + y 2(b+ )y

(22)
satisfying

nst*is*ft**n

Finally, we study the semilocal convergence analysis for Algorithm 4.1.

Theorem 4.3 Let 1, y and b be positive real numbers. Let X and Y be two Banach
spaces, D a nonempty open convex subset of X and xo € D. Let F : D — Y be
a nonlinear m(m > 3) times continuously Fréchet differentiable operator such that
F;O_l € B(Y, X) exists. Assume that F satisfies the conditions (C1) — (C2) with a
real-valued function f defined by (20). Assume thato = yn < 142b —2/b(b+ 1)
and Byx[xg] C D, where t* is defined by (22). Then, we have the following:

(1) The sequence {x,} generated by (6) is well defined and remains in By<[xg] and
converges to the solution x* € By=[xo] of operator equation (1). Moreover, the
following error estimate holds:

[x* — x|l <" —t,,n € No,

where {t,} is a real sequence generated by (4).
(ii) Ifthere exists another solutiont™ €]0, %[ofequation f (@) = Osuchthatt* < t**,
x* is the unique solution of (1) in By (xg) N D.

@ Springer



J Optim Theory Appl (2017) 172:102-127 119

Proof (i) One can easily observe that for 1o = 0, f(to) = n, f'(10) = —1, Y (t9) =
bjly/=! > 0for j=2,3,...,m — 1 and

bm!y™1

(m) oy _ _
[ = (1 - yt)m'H

> (O forall? € [0, 1/y[.

Thus the function f is m-times continuously differentiable on ]0, 1/y [ and f(s*) < 0,
where s* is defined by (21). Now

ALY
1'(t0)

IF < - = L[|Fj; Fxo)l < = IEQ N < fP ) = bty ™! > 0

1
S (o)

forall j =2,3,....,m— Land [[F™| < £ (¢) for all # € [0, 1/y[. Thus, all the
assumption of Theorem 4.2 are satisfied. Therefore, part (a) follows from Theorem
4.2.

(i1) This part also follows from Theorem 4.2. O

Remark 4.1 (1) Theorem 9 of [22] deals with the convergence analysis of Newton’s
method (2). Our results deal with the approximate solution of operator equation
(1) in the context of S-iteration process of Newton— Kantorovich like (4).

(2) Algorithm 4.1 is a generalization of (4) in infinite dimensional Banach spaces. Our
result extends the [27, Theorem 6.3, p-114], in the frame work of infinite Banach
spaces.

5 Local Convergence Analysis

In this section, we discuss the local convergence analysis of Newton method (2) and
S-iteration process of Newton-like (6).

Lemma 5.1 Let n and y be positive real numbers such that yn < 3 —2+/2 and define
a function f : [0, 1/y[— R by

yt*
1—yt

f@O=n—1t+

Let X and Y be two Banach spaces, D a nonempty open convex subset of X and F :
D — Y anonlinear operator such that F is a twice continuously Fréchet differentiable
on D. Let x* € D be a solution of (1) and F;Il exists and let By (x*) C D, where g =

(1 - \%) % Assume that F satisfies the following condition:

IFYEL < f (lx — x*|) for all x € By(x*).
Define Newton operator G : By(x*) — X by

G(x)=x— F'F(x), x € By(x*) (23)
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Then, we have the following:

(a) The equation f(t) = 0 has two real roots r* and r**. They satisfy

_ 2 _ 2 _
r*=1+)’77 VA +yn 8yn§Q<r**:1+yn+ (I+ynm*—38yn

4y - 4y

(b) F;_l exists for all x € By(x*) and hence G is well defined on By (x*).
(c) Forall x € By(x*), we have

1

R 24
S lxe = x*]) 9

IF FLl <

and
IG(x) — x|l < —;/1 £ sllx = x*Dsds|lx — x*|? (25)
— flllx = x*D Jo .

Proof (a) It follows from [11].
(b) For x € B,(x*), we have

1= FZ Fl = |- (Fl — FD
1
—1 "
< /0 IV F el — ¥ [dr

1
S/O (@ =0)llx —x*Dllx — x*||dz
= f'(lx —x*I) — f'(0) < 1.

Therefore, by Banach Lemma 3.3, F ;_1 exists. This proves that the operator G is well

defined on B, (x*).
(c) The inequality (24) follows from part (b). Let x € B, (x™). Using (23) and (24),

we have

IG(x) — x*| = |lx — x* — F7VF ()|
= [|F N (F(x*) — F(x) — FL(x* — x))||

1
IF; FLl /0 IF Py e (1= D)l — x*|7de

IA

! 1 " * *)12
f_m/o S (@ =)llx =x" DA = )llx — x|

1 1 "
av sy AR e
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Theorem 5.1 Suppose that all the assumptions of Lemma 5.1 hold. Let k =
—W fol f”(sr*)sds and
0 :=«kr* < 1. (26)

Let xo = wo € By+(x*). Let {w,} be the sequence generated from wqy and defined
by Newton method (2) and let {x,} be the sequence generated from xy and defined by
S-iteration process of Newton-like (6). Then, we have the following:

(a) The sequence {wy} is in By+(x™) and it converges to x* with the error bound:
lwn1 = x*[| < iellwn — x*%, n € No. 27)

(b) The sequence {x,} is in B,(x*), and it converges to x* with the error bound:
bens1 = < ke (1= (1= 6))% [lx* = xull*, n € No. (28)

Proof (a) The Newton method (2) can be written as w,+1 = G(wy), where G is
defined by (23). Using (25) and (26), we have

1 L,
lwy — x*| < —m/o £ (sllxo — x*)sds o — x*|1°
1 1 "
< /0 £ (sr*)sds o — x|

< 0O|xo — x*|| <r*.

Thus, w; € B+(x*).Letk > 1 be afixed positive integer. Suppose that wg € B« (x*).
From (25) and (26), we have

1
% l " * %12
lwitr —x7| < —m/ f(sllwe — x™[Dsds wg — x7]
- 0

1
< - f,(lr*) /O £ (sr%)sdslwg — x*1?

< «llwg — x*|?

< Ollwg — x*|| < r*.
Hence w, € B,+(x*) for n = k + 1. Therefore, by mathematical induction w, €

B+ (x*) for all n € Ny.
Form (25) and (26), we get

1 L,
lwppr —x*| < ——/ f (sllwy — x*[)sds < k||w, —x*||1, n € Np.
" F(lwn — x*1) Jo ! "
(29)
It follows from (26) that

lwy1 — x*|| < 0" lwo — x*|I, n € Np.
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Therefore, the sequence {w, } converges to x*.
(b) The S-iteration process of Newton-like (6) can be written as

Y =G, zn = (I —ap)xy + apyn, Xpt1 = G(zy),n € No, (30)

where G is defined by (23). Using (25) and (30), we have

llzo —x*Il < (1 —ap)llxo — x™|| + aollyo — xoll

< (I —ag)llxo — x*| — m/ " (sllxo — x*[)sds]lxo — x*|?

= (I —ag)llxo — x*| —

f,(r*) /0 £ (sr)sds g — x|

< (I—ao(l —kr™)llxg — x| < r*.

Thus, zg € B+ (x*). Again, from (25), (26) and (30), we have

lxy —x*| < m/ 17 (sllzo — x*|Dsdsllzo — x*|2

<- f(r*) / £ (sr%)sdsllzo — x|
— (1 — (1 — kr*)?xo — x*|

< 0(1 —ap(1 — 0))?|xo — x*|| < r*.

Thus, x; € B+ (x*). Let k > 1 be a fixed positive integer. Suppose that x; € B« (x*).
From (25) and (30), we have

lzk —x* Il < (1 —ap)llxx — x™ || + o llye — xill

< (=)l —x*| - m/ £ (sl = x* sdslxe — x|

= (=)l —x*| —

f,(f*) /O £ (sr)sds g — %2

< (U —a(l = wr) e —x*| <r*.

Thus, zx € By+(x*). Again, from (25), (26) and (30), we have

1 1,
llxk+1 —x*| < —m/ fGsllzk — x*|D)sds||zk —x*||2

f(r*)/ £ (sr*)sds|lz — x*|)?

=11 — o (1 — kr*))? e — x*|?
<01 —ag(1 — ) ||xx — x*|| < r™.
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Thus, x;, € B+ (x*) forn = k+1. Therefore, by mathematical induction, x,, € B, (x*)

for all n € Np.
Form (25) and (26), we get

41 — X*|| < (1 — ag(1 —6))?|1x, — x*|1%, n € Ny.

Using (26), we have

%041 — X% < (1 — (1 — 0))? 12, — x*|| < 60" |lxo — x*|I, n € Np.

Therefore, the sequence {x,} converges to x*.

Remark 5.1 One can observe from (27) and (28) that

ik (1 — (1 —0))? <k forall n € N.

€1y

The strict inequality (31) shows that the error estimate in S-iteration process of

Newton-like (6) is sharper than that of Newton method (2).

6 Numerical Examples

Example 6.1 Let D = X =Y = C([0, 1]) be the space of all continuous real-valued
functions defined on [0, 1] with norm || x| = max{|x(s)| : s € [0, 1]}. Consider the

integral equation (see [34]) as follows:

3 X2 1 s g
x(s)=—+ +—/0 mx ()dr.

10 2 4

Define F : C([0, 1]) — C([0, 1]) by

3 x%(s) 1 /!
F(x)(s) =x(s) — — — —— — —/0

The first, second and third Fréchet derivative of F at point x € D are

s+t

3 1
Fiy(s) = y(s) = x(s)y(s) = 5 /0 sitxz(t)ymdr,
" 3 rl
F (9)(s) = =y()z(s) = 3 /O Oy,

3 rl
F (aw)(s) = =3 /0 e

X3(n)dr.

(32)

for all y, z, w € C([0, 1]). Observe that ||F):|| is not bounded in C([0, 1]). For xg =
0 € D, we have Fy h(s) = h(s) for all & € X which implies that F;O_IU(S) = U(s)
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forall U € C([0, 1]) and |[Fj; ' || = 1, || F,, I

" 3In2 -1
=1L IE ] = 282 F P ()| <

13—0=nand

1
F// F/// j
¥ = max I1Fs, , ( | x0||) = max{0.5, 0.4163} = 0.5.

2 6

Since yn = 0.15 < 3 — 24/2, the function f(¢) defined by (20) for b = 1 has two
zeros t* = 0.4 and t** = 0.75. Now for t9p = 0,7 € [0, 1/y[, we have

" 6]/2 2 "
f (t)—mzw =15> |F, | forallx € D,
—1 f(t()) —1 " ”
IFyy F(xo)ll < ) IFy I < ~ ) and [[Fy Il < f (t0)-

Thus, the hypotheses of Theorem 4.3 are satisfied. Hence, by Theorem 4.3, the
sequence {x,} generated by (6) is well defined and remains in Bs[x(] and converges
to the solution of equation (32).

Finally, we give a numerical example in which the involved operator satisfies all the
assumptions of Theorem 4.3 and Theorem 5.1.

Example 6.2 Let D = X =Y = C([0, 1]) be the space of all continuous real-valued
functions defined on [0, 1] with norm | x| = max{|x(s)| : s € [0, 1]}. Consider the
following integral equation:

—Sin(”S)Jrl/] in(t)x>(r)dr 33
x(s) = > 7 A cos(ms) sin(mwt)x” (¢)dz. 33)
Define F : D — Y by
sin(zs) 1 [} i N
F(x)(s) = x(s) — — —/ cos(ms) sin(rrt)x” (¢)dz. (34)
2 24 Jo

The first, second and third Fréchet derivative of F at point x € D are

, cos
Fyy(s) = y(s) —

7s) /l . 2
sin(wt)x=(t)y(¢)dt,
8 0

p cos(rms) L
F, (yz)(s) = — ) /0 sin(wt)x(t)y(t)z(t)dt,
1
F/' (yzw)(s) = —COS;’”) /O sin(r )y (0 2(Dw(r)dt,

forall y, z, w € C([0, 1]). Observe that ||F; || is not bounded in C ([0, 1]). For xo(s) =
0and y € X, we have Fy (y)(s) = (y)(s). Thus, we have F;O_IU(S) = U(s) for all
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U e 0 1D, [F =1L IIF; " Fxo)| < 3 =n.IFgll =0, | Fgll < 5 and

1
F FO\? 1
y = max | x(’”, 17 = — =0.16286750396764.
2 6 237

Since yn = 0.08143375198382 < 3 — 24/2, the function f(¢) defined by (20) for
b = 1, it has two zeros t* = 0.555192820905552 and ** = 2.764787302933913.

Now for tg = 0, ¢ € [0, 1/y[, we have

= o oo L IF"|| forall x € D
T U=yt =Y T = * el
r—1 f(t()) —1 1 ” "
I Fyy Fxo)ll < _f/(lo)’ IFy, I = _f/(to) and | F Il < f (10).

Thus, the hypotheses of Theorem 4.3 are satisfied. Hence by Theorem 4.3, the sequence
{x,} generated by (6) is well defined and remains in B;+[xg] and converges to the

solution x*(s) =

sin(rs)+(128—+/16383) cos(s)
2

of equation (33). In the similar way, one

can easily observe that all the assumptions of Theorem 5.1 are satisfied that is

IFVE L < f (e = x*1) < f (o) forall x € By(x™),
0 = kt* = 0.303702708379909 < 1, here t* = r*.

In view of Theorem 5.1, for o, = 0.5, n € Ny, the following error bounds hold:

and

lwas1 — x*|| < wellw, — x*||?

It = x*[ < (1= 0.5(1 = 6))* ||x, — x*[|*, n € No,

where k = 0.547024817413695 and « (1 — 0.5(1 — 0))% = 0.232436417985643.
The following table shows that the sequence generated by (6) is faster than the

sequence defined by (2):

S.N. wy (Newton method) Xy, (S-iteration process of Newton-like)
0(s) 0(s)
0.5sin(ws) 0.5sin(ws) + 0.001953125 cos(s)

AL = O

0.5sin(rs) + 0.001953125 cos(ms)
0.5 sin(7rs) + 0.001953154803232 cos(rs)
0.5sin(rs) + 0.001953154803232 cos(rrs)

0.5sin(rs) + 0.001953154803232 cos(rrs)
0.5 sin(7rs) + 0.001953154803232 cos(ms)
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Remark 6.1 (i) In Example 6.1 and 6.2, we cannot apply Newton—Kantorovich The-
orem [3, Theorem 6, p.708] because the second derivative of involve operators is
not bounded in D and hence there is no guarantee for the convergence of sequence
generated by (2) starting from xo = 0; however, all the conditions of Theorem 4.3
are satisfied. Thus, the sequence {x,} generated by (6) is in B+[xo] and converges to
solution x* € By+[xg] of equation F'(x) = 0 staring from initial point xo = 0.

(ii) In particular, for operator F defined by (34), it is shown in Example 6.2 that
our iteration process is faster than the Newton method studied by [22] numerically.

7 Conclusions

We extend and improve the S-iteration process of Newton-like algorithm [27] in the
context of Banach spaces and introduced S-iteration process of Newton—Kantorovich
like. We have discussed its quadratic convergence analysis using majorizing technique.
Numerical results show the effectiveness of our results.
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