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1. Introduction

Throughout the paper, we use the following notations: X and Y are Banach spaces, D a nonempty open convex subset
of X. In sequel, given any xe X and r> 0, B;[x] will stand for the set {y € X : ||y —x|| <}, B(x) will stand for the set {y €
X :|ly — x|l <r}, B(X, Y) will stand for the space of all bounded linear operators from X into Y, F; will designate the Fréchet
derivative of operator F: D— Y at point xeD and Ng = NU {0}.

Let T: D— Y be an operator. Solving a nonlinear operator equation T(x) = 0 in Banach spaces is a basic and very impor-
tant problem in computational and applied mathematics. A powerful technique for solving such problem is the Newton’s
method defined by

Wii1 =Wy — T, 1T (wy) for each n e No, 1)

where wy e D is the initial point. The semilocal convergence analysis of (1) was first studied by Kantorovich and Akilov
[1]. Kantorovich’s results provide a simple and transparent convergence criterion for the nonlinear operator with bounded
second Fréchet derivative T” or the Lipschitz continuous first Fréchet derivative (see [1,2]). Another important result was
introduced by Smale which was presented by Smale in 20th international conference of Mathematician (see [3]), where the
concept of an approximate zero of involve operator was proposed and the convergence criteria was provided to evaluate an
approximate zero for analytic functions, only depending on the information at initial point. Wang et. al [4-7]. improved and
generalized the Smale’s result by introducing the notion of y-condition.
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In recent years, various results on generalization of Newton’s method have been proposed in literature which have either
equal or better performance than the Newton’s method (see [8-21]). However, there are two disadvantages of the Newton’s
method. First is to evaluate Fréchet derivative of involved operator T and second is to find exact solution of the following
Newton equations:

T, (Wni1 —wy) = =T (wy) for each n e Ny. (2)

To avoid the first disadvantage of Newton’s method, a lot of Newton-like methods have been proposed in literature (see
[2,13-15]). In many applications when Ty, is too large and dense, it may not be feasible to solve Eq. (2) exactly. Using linear
iterative methods and finding approximate solutions of (2) are logical. To overcome the second disadvantage of Newton’s
method, linear iterative methods have been extensively developed to find approximate solution of Newton Eq. (2). These
methods have been initially introduced by Dembo et al. [22] and are known as Inexact Newton methods. The Inexact Newton
method is defined by

Xn+1 = Xn + Un, (3)
T; vn = =T (xn) + yn for each n e N,

where T is a continuously Fréchet differentiable nonlinear operator defined on a nonempty open convex subset D of Banach
space X to Banach space Y and {yn} is a sequence of elements of Y which depends on {x,}. The convergence behavior of
(3) depends on residual controls of {y,}. Under the Lipschitz continuity assumption of T/, Dembo et al. [22] have discussed
the local convergence analysis of inexact Newton method under the conditions that the stopping relative residuals {y,}
satisfy ||ynll <nnllT(xn)||, where {n,} is the sequence of forcing terms. In [23], Ypma used the affine invariant condition
||Tx’;1yn|| < UnllT,f;lT(Xn)ll and analyzed the local convergence analysis of inexact Newton method (3). In [24], Guo used
the affine invariant condition ||TX’O‘1 yull < nn||T,{O‘1T(xn)|| and analyzed the semilocal convergence analysis of inexact Newton
method (3). Avoiding both disadvantages of Newton’s method, Morini [25] has proposed the following inexact Newton-like
method:

Xn+1 = Xn + Sn, @)
Busn = —T(xn) + 1y for each n e No,

where {r,} is a sequence in finite Banach space Y while {B,} is a sequence of invertible operator from finite Banach space X
to Y and established a local convergence result for inexact Newton like method (4) under the following residual controls:

I1Parall < nallPaT (xn)|| for each n e N, (5)

where {P,} is the sequence of invertible operators from Y to X. In [26], Li and Shen generalized the condition (5) by intro-
ducing the following condition

[Parnll < 7711||PI1T(Xn)”kJrl for each n e No, (6)
where 0 <k <1 and established local convergence result of order k+ 1 for inexact Newton-like method (4). Assuming the
Lipschitz continuity condition on TX’O“T’ and adopting the following residual controls

T 'yall < nall Ty T () [+ for each n e N, (7)

0

Shen and Li [27] established a Kantorovich-type convergence criterion for the inexact Newton method (3). Assuming the
residual controls (7) with k = 1, the y-condition and the Smale’s «-theory have been established by Shen and Li in [28] for
the inexact Newton method (3).

Recently, Xu, Xiao and Lio [29] have studied semilocal convergence analysis of the inexact Newton method under the
residual controls (7) with k =1 and T,(/O*]T/ satisfy the weak Lipschitz condition (see [29]).

However, these are rest on the assumption that operator T is Fréchet differentiable. In various cases the nonlinear op-
erator T may not be Fréchet differentiable, though it can be dissolve as a sum of two nonlinear operators such that one
is Fréchet differentiable and second is continuous only. It is still possible to use an analogue of inexact Newton method to
solve the nonlinear operator equation:

F(x) + G(x) =0, (8)

where F: D— Y is Fréchet differentiable operator at each point of D and G: D— Y is a continuous operator.
In the present article, motivated by the elegant works in [25-29], we introduce a new Inexact Newton-like method for
finding solution of operator Eq. (8).

Algorithm 1.1 (Inexact Newton-like method). Let X and Y be two Banach spaces, D a nonempty open convex subset of X
and xg eD. Let F: D— Y be a nonlinear Fréchet differentiable operator and G: D— Y is a continuous operator and A(x) € B(X,
Y) an approximation of E, for x e D such that A(xg)~! exists. Let xo be an initial guess. For given residual control r, and the
iteration x,, we defined the next iterate x,,; as follows:

{Xn+l = Xn + Sn, 9)
A(xn)sn = —(F(xn) + G(Xn)) + 1n,
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where {r,}cY and in general depends on {x;}.

The aim of this paper is to study the semilocal convergence analysis of Algorithm 1.1 considering the following residual
controls:

A(x0) ™" rall < nnllA(x0) ™" (F(%a) + G(xa)) || for each n e No, (10)

where {n,} is the sequence of forcing terms with n = SUPneNO{’?n} <1 and A(xp)~1F’ satisfies the following radius Lipschitz
condition with L average (see, [30,31]):

p(x.y)
lA(xo) ™ (E] - E)l < /( ) L(u)du for all x € By (X0),y € B,_px X0, (11)
p(x

where p(x) = ||x — xo|l. p(x.y) = p(x) + ||y — x|| <r and L is positive nondecreasing integrable function on [0, r]. We estab-
lish the organized convergence criteria which contains Smale type and Katorovich type convergence criteria as special cases.
Moreprecisely, when 1, = 0 for each n € Ny and G(x) = 0 for each x €D, our Algorithm 1.1 reduces to Newton’s method. Our
result is more general in nature because it deals with generalized equation (8). It also extend and improves the correspond-
ing results in [28,29,32,33].

The remaining part of the paper is organized as follows: In Section 2, we give some basic definitions and some known
results. In Section 3, we discuss the semilocal convergence analysis of Algorithm 1.1 under Lipschitz condition (11), we also
show that our result reduces to some well established results. In Section 4, we study the semilocal convergence analysis of
our Algorithm 1.1 under the y-Lipschitz condition. We also discussed some special cases of our result. Finally, we conclude
our work with an example, where theorems [32, Theorem 2.9] and [28, Theorem 3.1] fails and our result holds good.

2. Preliminaries

In this section, we give some known results which are useful in the remaining part of the paper.

Lemma 2.1 [29]. Let A, b, 1, 0, and c be positive constants with c>1, 0<b<1, and 0¢>0. Let L be a positive nondecreasing
integrable function defied on [0, r] and ¢ : [0, 1] — R be a function defined by

t
o (t) :A—bt+60t2+c/ Lu)(t — w)du. (12)
0
Assume that r* and b* are real numbers given by:
t
r*:sup{te 0,1) :c/ L(u)du+2crot§b}, (13)
0
-
b* = br* — ogr*? — c/ L(u)(r* — u)du. (14)
0

If A <b*, then ¢ is strictly decreasing on [0, r*] and has exact one zero t* on [0, r*] with A <t*.

Lemma 2.2 [29]. Assume that all the assumption of Lemma 2.1 hold and Ly is a positive nondecreasing integrable function
defined on [0, r]. Define v : [0,r] — R by

w(t)=A—t+c[0tLo(u)(t7u)du. (15)

Suppose Ly(t) <L(t) for each t |0, r] and t* is the positive solution of ¢(t) = 0 on [0, r*]. Then the sequence {t,} generated by

to =0,
16
{fn+1 =th— fy neN (1e)

is strictly increasing and converges to t*. Moreover,
the1 <th < t*, n € Np.

Lemma 2.3 (Rall [34], p. 50). Let L be a bounded linear operator on a Banach space X. Then, L~ exists if and only if there is a
bounded linear operator M in X such that M~ exists, and

1
M-L|| < ————.
IM=H < ey

If L1 exists, then

IS M- ”4 < ”xr] I .
1—[[1=M-1L|| = 1T~ |M-T[||M—L]||
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3. Semilocal convergence analysis of Algorithm 1.1 under Lipschitz condition (11)

Lemma 3.1. Let X and Y be two Banach spaces, D a nonempty open subset of X and A(x) e B(X, Y) such that A(xp)~! exists for
some xg € D. Let r>0 be such that B(xg) c D and Ly a positive nondecreasing integrable function defined on [0, r]. Assume that
the following conditions hold:

(C1) A(x0) ™ (AG0) — o))l < fg* " Lo (u)du for each x € By(xo);
(C2) [y Lo(u)du < 1.

Then, for each x € B;(xg), A(x) is invertible and
1 1

AX) AR < <- , 17
|| ) ( 0)” _l _fOHX_xOH Lo(u)du WI(HX_XOH) ( )
where 1 is defined by (15).
Proof. For x € B/(xg), we have
1= Axo) TAM) || = [[A(X0) 1 (AX) —A(x0)) |
llx—xoll
< / Lo(u)du < 1.
0
Therefore, by Lemma 2.3, we have
1
[AG) Aol < : (18)
1— [ Ly (uydu
For x € B(xg), we have
lx=xo I lx=xo I
Y x-x=1-c [ Lowdus1- [ Lowdu
0 0
This implies that
1 1 (19)

< - .
1- fOHX_XO” Lowdu ~ ¥'Ux=xolD
Thus (17) follows from (18) and (19). This completes the proof. O

Proposition 3.2. Let X and Y be two Banach spaces, D a nonempty open convex subset of X and xyeD. Let F: D—Y be a
nonlinear Fréchet differentiable operator and G: D— Y a continuous operator and A(x) e B(X, Y) an approximation of E, for xeD
such that A(xg)~! exists. Assume that F] satisfies the Lipschitz condition (11). We also assume that (C1), (C2) and the following
conditions hold:

(C3) |A(xg)~1(G(x) — G|l < K|lx —y|| for each x, y € D and for some K> 0;
(C4) |A(xg)~"(A(x) —E)|| < & for each xeD and for some § > 0.

Let r> 0 be such that B,(xy)<D and R: B;(xq) — Y be an operator satisfies the following condition:
[AX0) " R(X) || < mxllA(x0) ™" (F(x) + G(x))||* for each x € B;(xo),

where 0 <1y <1 such that /Tx||A(xo)~ ' (F(X) + G(x))|| < 1 for each x € B(xp).
Define T: Br(xg)— X and S: Br(xg) — X by

T(x) =x+S(X),
AX)(S(x)) = —[F(x) + G(x)] + R(x),

for each x € B(xg). Then for each x € B/(xq) with T(x) € B/(xg), we have

(20)

(@) 1Ao)MFT () + GT eI = fo [ O Lan T (o - xlldude+ (K +8) 1T (x) = x| +

[x—xoll

llx=xq 2
1+, Lo (u)du
nx% IT(x) - x||?

(b) IT() —xIl < (1+ Tx) [Ax0) "1 (F(x) + G(x)) [ |A(X) " Alxo) .
Proof. Let x <D and using (20), we have

[A(x0) ' [F(T(x)) + G(T (x))]]l
= |AX0) ' [F(T(x) + G(T(x)) = F(x) = G(x) = AC) (T (x) — X)] + A(Xo) 'RX) |
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1
< [ 1AGO) ™ Blroon = FOll + 14G0) ™ (B = AGDIDIT () = xlde
HIAG) T (GT (X)) = G| + 1A(xo) "R |

[lx—=xo |+t I T (x)—x||
- [ 1 [ L WIT G0 - xlldudt + (€ + $)IT () - xI| + [AGxe) 'R

x=Xol|
1T pllx=xoll+tlIT (x)—x||
5// LW)||T(x) — x||dudt
0 Jllx=xoll
+(K+8)IT(x) — x| + nx[[Ax0) ™" (F(x) + G(x)) ||>. (21)

Again from (20), we have
[Ax0) A (T (x) =)l = [IA(X0) ™ (F(x) + Gl = [|A(Xo) 'R |
> [[A(x0) " (F(x) + GO Il = VTxllA(x0) ™ (F(x) + G(x)) |
= (1= V) Ax) " (F(x) + G(x))|l.

which implies that

1A Gx0) T AGOIIIT () — xI|

[A(x0) " (F(x) + G(x)|| < Ty (22)
Now using condition (C1), we have
llx=xo |
[A(X0)"ACO | = [T+ Alxo) ™ (AX) —A(x0)) |l < 1 +/0 Lo(u)du. (23)

Thus part (a) follows from (21), (22) and (23).
(b) By Lemma 3.1, we have A(x) is invertible for each x € D. Using (20), we have
IT@) - x|l < [AX) A (1A(x0) ™ (F(x) + GCO) || + 1A(x0) " RG) )
< [AX) A I(IA(x0) ™ (F(X) + GCO) || + v/7x [A(X0) (F (x) + G()) I
= (1+ VN 1AGx0) " (F(x) + G A " Alxo) ||
This completes the proof. O
Lemma 3.3. Let X and Y be two Banach spaces, D a nonempty open convex subset of X and xg €D. Let F: D— Y be a nonlinear
Fréchet differentiable operator and G: D— Y a continuous operator and A(x)e B(X, Y) an approximation of F, for x e D such that

A(xo)~1 exists. Suppose that the condition (10) and all the assumptions of Lemmas 2.2 and 3.1 hold. Assume that F, satisfies the
Lipschitz condition (11). We also assume that (C3), (C4) and the following conditions hold:

(C5) [lA(x0) ™" (F(x0) + G(x0))|| = B for some > 0;
(C6) VillA(xo) 1 (F(x0) + Gx)) || < 1; i
(C7) c=1+ ik =B, K =K+8,b=1- (1+ i and op = "D @A)

Then the sequence {x,} generated by Algorithm 1.1 is well defined. Moreover, the following estimates hold:
[AGn) Al < = (tn) 7',

(@)
(b) (1+ yMIAX)~I(F(%n) + Gxa)) || < @ (tn).
(©) VAllAX) ™ (F(%n) + Gxa)) || < 1.
(d)
)

d) %nsq — Xall < (Enpq — tp) P2n =Xl
IA(x0) ™" (F () +Gxm)) | o(tn)
TAGo) T F )+ C g D = @1 for all n e Ny,

)

th—ty_q

(e

where {t,} is a real sequence defined by (16).

Proof Set s = S(xn), ra = R(xp) and ny, = nn in Proposition 3.2, then the sequence {x,} generated by Algorithm 1.1 is
same as X,,.1 = T(xp), n € Ng. The proof of this Lemma will be complete into the following steps:
Step L. Estimates (a) — (e) hold for n = 1.
For x¢ € D, using Proposition 3.2(b), we have
IX1 = Xoll = IT(x0) — Xoll
= (1+ VMIIAX0) ™" (F(x0) + G(x0))l
=(A+ymB=t.
From (17), we have [|A(x;)"A(x) || < =¥/ (llx1 —xolD~" < =¥/ (&)~
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Using Proposition 3.2 (a), we have

1AGo) " (F(x1) + Gx)) | = [1AGo) ' [F(T(x0)) + G(T (xo))]]
1 ,tlIT(x0)—xoll
< fo fo L(u)dudt||T (x0) — Xo|

+(1—7n\/ﬁ)2“T(xO) —x01? + 1 [IT(x0) — o 20

and
1+ v |Ax0) ™ (F(x1) + G(x1)) |

t]lx1—xoll
<+ f [ tadul - ol + *Q'J Ity — %ol + (1 + DKl — o]
Xoll

( [ 6= oL a0t -0+ (14 e - to>)HX1to

||X1 X0||

m_ (25)

=¢(t)

Now
VAllAG) ™ Fa) + G| = 1 = A (FGxo) + Glxo) < 1.
From (16), (25) and Proposition 3.2(b), we have
(1 + VM IAx) T (Fx1) + Gl _ o)A+ vIIAXe) " (F(Xo) +G(x0)) |
(1 + yMIAX0) T (F(x0) + G(xo)) || = (14 /M IIAx0) 1 (F(x0) + G(x0)) I (t1 — to)
_ et)
Y (to) (t1 — to)
_pt)
~ e(to)’
Using (16), (17), (25) and Proposition 3.2, we have
%2 =11l < (1+ D IIAX) AR A (F(x1) + Gx) |
__ o) [Ixi—xl
S Y -t

X1 —Xo
a t)ll t”_tz—tl-
0

Step II. Estimates (a) — (e) hold forneN.

Let k>1 be a positive integer. Assume that the following hold for
n=1,2,...,k

VIl AX) N (F(xi_1) + Gxe—)) || < 1 and [lxe — X1 || <ty — iy (26)
From (17) and (26), we have

[AG) Al < =¥ (t) .
From Proposition 3.2 (a), we have

IA(x0) ™" (F (%) + G [l = 1AX0) ™" (F(T (x¢-1)) + G(T (i) |

1 plixec=xoll+tlxXe—xq |l
< / /‘ L() 1% — Xy | dudt + K[|, — x|

lxk1=%oll

I —oll 2
(1 i Lo(u)du>
(1 - ym)?

+n llxe — Xi_1 11 (27)

and
1 ptg+t(G—t1)
(1+ VD IAG) " (F(x) + Gxe))| < ((1 + ) /0 / L(u)dut, — t,_;)dt

lI1% — i1l

+00(te — te_1)? + (1 + Yk (b — ty_1)
b — tq
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Te—lr1
= (C/O L(ty_y + V) (ty — ty_y — v)dv + 0ot — ty_1)?

e — k1

ﬂvm@u@4“OWk“”'

= (C [ k L) (t, —v)dv + oo (t — tkﬂ)z + (4 i (b — tkl)) %
< (¢t) — P (ti1) — ¥/ (Ge1) (B — tH))M

k— k-1
— ot e =Xl -

ti =t
Since ¢ is decreasing on [0, r*] then
(1+ VM IAX) F (i) + G < @ () < @(to) = A
and
AV
1+.1
ViIB = VillA(xo) ™ (F(x0) + G(xo)) || < 1.

VA F (%) + Gxp)]ll <

From Proposition 3.2 (b), we have

% — X1 ll < (14 VD IAK) ™ (F (k1) + G D A1) " AXo) |- (29)
From (16), (28) and (29), we have
1+ M IAx0) " (F(x) + G(xp)) | e+ VIDIIAX) ™ (F(X¢_1) + G(x_1) |l
(1 + yMIAGX) T F Xi1) + G| — (1 + /M IIAX0) " (F xi—1) + Gxp—1)) [ (& — 1)
- @ (L)
= Y (1) (= tee)
R ACY
o (t-1)’

From (16), (29) and Proposition 3.2, we have

%1 = Xl < (14 VD) AG) T AXo) [HIA(x0) ™" (F (%) + G(xi0))
@) 1% — Xl
TP (t) -t
tk+l - tk

= * LK% — X || < teer — b
o Xk = X1 [l <ty — L

A

Thus, (26) holds for n = k + 1. Therefore, by mathematical induction (26) is true for each n € Ny. Hence (a)-(e) are hold for
each n e Ny. This completes the proof. O

Theorem 3.4. Assume that all the assumption of Lemma 3.3 hold. Suppose that A < min{ﬁ, b*} and Be<[xg] < Br(xg). Then the

sequence {xn} generated by Algorithm 1.1 is well defined, remains in B;+[xg] and converges to the solution x* € By+[Xg] of (8).
Moreover,

1Xn41 — Xnll < tay1 —tn and ||x* — xp|| < t* —ty,n € No.

Proof. Note that A < min{ﬁ, b*}. This implies that Lemmas 2.1 and 2.2 is applicable. It is clear from Lemma 3.3 that the
sequence {x,} is well defined and the following assertions hold:

VIllAGo) ™ (F(xa) + G(x)) || < 1 and

|Xne1 — Xn|| < tnp1 — ta, n € Np.

Consequently, for n, m >0, we have

m+n-1

1 Xnsm — Xnll < Z X1 — Xl < trom — . (30)

k=n

Note that the sequence {t,} is convergent and hence sequence {x;} is a Cauchy sequence so it is converges to some point x*.
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Taking limit as m — oo in (30), we have
X" —xnll < t* — tn. (31)
Taking n =0 in (30) and (31), we obtain
l[Xm —xoll < tm <t* and [[x* —xo|| <t*.

This completes the proof. O
Remark 3.5.

(1) Theorem 3.4 is more general in nature because it deals with generalized equation (8), where involved operator is not
necessarily Fréchet differentiable.

(2) Theorems [32, Theorem 2.9] and [28, Theorem 3.1] are not applicable for operator equation (8), but our
Theorem 3.4 works well. Supporting example is given in Section 4.

If we take A(x) = F/ for each xe D in Theorem 3.4, we have the following result.

Corollary 3.6. Let X and Y be two Banach spaces, D a nonempty open convex subset of X and xy € D. Let F: D— Y be a nonlinear
Fréchet differentiable operator such that Ec/(; T exists and G: D— Y a continuous operator. Assume that all the assumption of

Lemma 2.2 hold and A < min{ﬁ, b*}. We also assume that the conditions (10), (11), (C1), (C3), (C5), (C6) hold for A(x) = F, on
B+ [xg] € Br(xg) and (C7) holds with § = 0. Then sequence {x,} generated by Algorithm 1.1 is well defined, remains in By+[xq] and
converges to the solution x* € Be«[Xg] of (8). Moreover,

|Xne1 — Xn |l < tpe1 —tn and ||X* — X, || < t* —ty, n € Np.
Proof. The proof of Corollary 3.6 follows from Theorem 3.4. O

In the special case when A(x) =F/,G(x) =0 for each xeD and L(t) =Ly(t) for each te[O, r], then k =0 and
Corollary 3.6 reduces to the main result [29, Theorem 3.1].

Corollary 3.7 [29, Theorem 3.1]. Let X and Y be two Banach spaces, D a nonempty open convex subset of X and xq €D. Let F:
D — Y be a nonlinear Fréchet differentiable operator such that F,{O* 1 exists. Assume that all the assumption of Lemma 2.2 hold and

A <min{-L, b*}. We also assume that the conditions (10), (11), (C1), (C5) and (C6) hold for A(x) = F, and G(x) =0 for each
ﬂ X

" 2
xeD. Let c=1+ /7, A=cP, 0p = "(H*/ﬁ)(?:://%;"(u)d”) and By+[xg] € By (Xo). Then the sequence {x,} generated by Algorithm

1.1 is well defined, remains in By«[xg] and converges to the solution x* € By«[xg] of F(x) = 0. Moreover,

X041 — Xnll < tay1 —tn and ||X* — xp|| < t* —ty, n € No.

Set A(x) = F/ for each xe D, n, =0, n e Ng and L(t) = Ly(t) = K’ for each 0 <t <r in Theorem 3.4, we have the following
result:

Corollary 3.8. Let X and Y be two Banach spaces, D a nonempty open convex subset of X and xqeD. Let F: D— Y be Fréchet
differentiable operator such that Fx/(; 1 exists and G: D— Y a continuous operator. Assume that F and G satisfies the following
conditions:

(C8) [, " (F(x0) + G(X0)) || = B for some B >0;
(C9) ||F’*1(G(x) —G)|l <K|x —y]| for each x, y € D and for some K> 0;
(C10 ||F/ 1(F’ EDIl <K'llx -yl for each x, y € D and for some K’ > 0.

)
/
(C11) h (1 w7 < 1

Let By[xo] C D, where s* = 1=Y1=21 & Then, the sequence {x,} generated by Newton-like method
X1 =Xn — Fx/n_] (F(xn) 4+ G(xn),n € Ng
is well defined, remains in Bs:[Xxg] and converges to the solution of equation (8).

Proof. Set L(t) = Ly(t) =K’ for each O0<t<r, 7, =0,ne Ny and A(x) = F/ for each xeD in Theorem 3.4, we obtain A =
B.n=0,b=1-K,09 =0 and ¢ = 1. Thus Egs. (12) and (15) reduces to

142 142
“ —(1-K)t+p and w(r)_ﬂ t+ B

@(t) =

respectively. One can easily observe that equation ¢’(t) = 0 has solution r* = ﬂ Condition (C11) implies that 8 = A < b*.

Thus the equation ¢(t) =0 has a solution s* = 1=¥1=21 1'8K such that s* <r*. Smce all the assumption of Theorem 3.4 are

satisfied. Therefore, proof of Corollary 3.8 follows from Theorem 3.4. This completes the proof. O
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4. Semilocal convergence analysis of Algorithm 1.1 under y- Lipschitz condition

Let v, b and c be positive real numbers with 0 <b <1 the function ¢, : [0, %) — R defined by

cyt?
1—yt
was initially introduced by Wang [4,5] for ¢ = b = 1. The function ¢, was also used by Argyros et al. [32] and Shen and Li

[27,28] for b= 1 as a majorizing function for the study of convergence analysis of Algorithm 1.1.
Let y and y( be two positive real numbers such that yy <y. Define L: [0,1/y) — R and Lj : [0,1/y9) — R by

@, (t) = A — bt + (32)

L(t) = (1_2% (33)
_ 2
L) = 7=, (34)

Clearly Ly(t) <L(t) for each te[0, 1/y). Taking above Ly(t), L(t) and 0p = 0 in Lemma 2.2, we have the following result:
Lemma 4.1. Let y, b and c be positive real numbers with 0 <b <1. Let ¢,, be defined by (32) and define v, : [0, yio) — R by

L cyot?
Yy (£) = A t+1_y0t. (35)
If
Ay <b+2c-2./c(c+Db). (36)

Then, we obtain the following:

(a) @}, (t) =0 has a unique solution r* = (1 — /;‘3[7)% in (0, %).
(b) Equation ¢, (t) = 0 has two real roots
= Ay +b—+/(Ly+b)2—4A(b+c)y and £+ = AY +b++/ Ay +b)2—4A(b+c)y

2(b+0)y - 2(b+o)y
satisfies A < t* <r* <t**.

(c) The sequence {t,} generated by

fo=0, 37
tn
tn+l =t - ‘/‘f}//o((tn)) ;neN ( )

is nondecreasing and converges to t*.

Lemma 4.2. Let t* be a solution of ¢, (t) =0 and {t,} be a real sequence generated by (37). Suppose that (36) holds. Then
following assertions hold:

t *tn f 92"71, thr] *tn f an—l and (py (tn) f 92n—1! (38)
t —thq th —thq Py (tr-1)

where

o b—iy —/(b+21y)2—4(b+c)ry
b—2ay +/(b+ry)>—4b+0ry

Proof. The proof of this lemma follows from [28, Lemma 2.3]. O

Definition 4.3. Let X and Y be two Banach spaces, D a nonempty open convex subset of X and xoeD. Let F. D—Y be a
nonlinear Fréchet differentiable operator and A(x)eB(X, Y) an approximation of F, for xeD such that A(xy)~! exists. Let
y>0andlet0<r< % be such that B;(xo)<D. The operator F is said to satisfy the y-Lipschitz condition if

p(x,

y)
lA(x0) " (K - F)l < f L(u)du for each x € B;(Xo) and y € B,_,x[xo]. (39)
P

()

where p(x) = ||x —xo|l, p(x,¥) = p(x) + |ly — || <r and L is defined by (33).

Lemma 4.4. Let y, be a positive real number and r < (1 — J;T)Vio Let X and Y be two Banach spaces, D a nonempty open

subset of X and A(x) e B(X, Y) an approximation of F, for x e D such that A(xg)~! exists for some xq € D. Assume that Ly is defined
by (34) and condition (C1) holds. Then, for each x € B;(xq), we have

-1
-1 < _ % < —;
[AX) Aol < (2 - y0||x_x0||)2> = Y, UIx =X’
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where vy, is defined by (35).

Lemma 4.5. Let X and Y be two Banach spaces, D a nonempty open convex subset of X and xg € D. Let F: D— Y be a nonlinear
Fréchet differentiable operator and G: D— Y a continuous operator and A(x) e B(X, Y) an approximation of F/ for x e D such that
A(xp)~1 exists. Suppose that the condition (10) and all the assumptions of Lemmas 4.1 and 4.4 hold. Assume that F satisfies
the y-Lipschitz condition (4.3), we also assume that the conditions (C3) — (C6) hold on B:(xq) <D,0 <r < % Let A=(1+

VDB .k =K+8b=1-1+nk and c=1+ 1+ f”(H“ﬁ). Then the sequence {xp} generated by Algorithm 1.1 is well

y(1—ym?
defined. Moreover, the following assertions hold:

(@) ||A(Xn)71A(XO)|| = *w)//o(tn)fl,

(b) (1+MIAx0) ™" (F(xn) + Gxm))l < @y (tn),
(©) VillAGxo) ™ (F(xn) + Gxn))Il < 1,

(d) [1Xns1 = Xall < (tner — t) Brpatl,

(e) A FEGn+ConI_ _ _¢r) g0 g ¢ 1,

1AGQ)~1 (F(xq_1)+G Xt DIl = @y (1)
where {t} is a real sequence defined by (37).

Theorem 4.6. Assume that all the assumptions of Lemma 4.5 hold and

1 b+2c-2 c(c—i—b)}

NN

Then the sequence {x,} generated by Inexact Newton-like Algorithm 1.1 is well defined, remains in Bi+[xq] and converges to the
solution x* € Be<[Xg] of (8). Moreover, the following error estimate hold:

ﬂsmin{

[%ns1 — Xall < 02" [1Xn — Xn_1 1,
Zn—l

| < o7
1-6

[A(X0) ™" (F(xa) + Gxa)) || < 62" [A(X0) M (F (Xa_1) + G(xa_1))|l,n = 1.

If we take A(x) = F/ for each xe D in Theorem 4.6, we have the following result:

lIx* — xn llx1 —xoll,

Corollary 4.7. Let X and Y be two Banach spaces, D a nonempty open convex subset of X and xy € D. Let F: D— Y be a nonlinear
Fréchet differentiable operator such that F,{(; 1 exists and G: D— Y a continuous operator. Assume that all the assumptions of
Lemma 4.1 and (4.6) hold. We also assume that the y-Lipschitz condition (39) and (10), (C1), (C3), (C5), (C6) hold on B:+[xy] <

Br*)(xp) for Ax) =E. Let A=(1+. mMB.b=1-A+ /MK and c=1+ N+ ‘fg(ji;%@ Then the sequence {x,} generated

by Inexact Newton-like Algorithm 1.1 is well defined, remains in By«[Xq] and converges to the solution x* € By+[Xg] of equation (8).
Moreover, the following error estimate hold:

2n—]
1-67
IES(F (%) + G| < 02" IIEC T (F (xno1) + Gp1)) [l 1 = 1.

If we take A(x) = F/ and G(x) = 0 for each xeD in Theorem 4.6, we have the following result:

-1
X1 — Xnll < 02" 1Xn — Xn_1 [, 11X — Xnl| < llx1 —xoll and

Corollary 4.8. Let X and Y be two Banach spaces, D a nonempty open convex subset of X and xy € D. Let F: D— Y be a nonlinear
Fréchet differentiable operator such that F,(’O‘1 exists. Assume that all the assumptions of Lemma 4.1 hold. We also assume that
the y-Lipschitz condition (39), and (10), (C1), (C5), (C6) hold on B«[Xg] € By« (xg) for A(x) = F, and G(x) =0. Let A = (1+

JMB.b=1,c=1+ /1+ «Vfg(Hf@) and B < min{}, 1+2c(12:}(§+1 ). Then the sequence {xp} generated by Inexact Newton-

like Algorithm 1.1 is well defined, remains in B [xg] and converges to the solution x* € Be<[xg] of F(x) = 0. Moreover, the following
error estimate hold:

n-1

0
I < m”)ﬁ —Xo|l and

-1
X1 = Xnll < 62" [|x0 — Xpa [, [1X* —

I, Fxa) | < 67" IIEy,

Remark 4.9. For the choice of G =0, Corollary 3.8 reduces to the well known Newton Kantorovich theorem which was
already discussed by Wang [4], Tapia [35].

Remark 4.10. If A(x) = F/, G(x) = 0 for each xe DX and Lo(t) = L(t) for each te[0, r], then Theorem 3.4 reduces to [29,
Theorem 3.1].
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Remark 4.11. If A(x) = E/, G(x) =0 for each xe DX and Ly(t) <L(t) for each te[0, r], then Theorem 3.4 reduces to [33,
Theorem 2.2].

Remark 4.12. If A(x) = F/ and G(x) = 0 for each xe DcX and Y, = y, then Corollary 4.8 reduces to [28, Theorem 3.1].
Remark 4.13. For an analytic operator F, we can define y by

T
y = sup {||F;015((0”)|| } .

n>1 n!

This definition is due to Smale [3], (see also [8,28,32,36]).
In the following example, we assume that A(x) = F; for each xeD and A = Ay.

Example 4.14. let D=X =Y =C(]|0, 1]) be the space of all continuous real-valued functions defined on [0,1] with norm
IIx]] = sup{|x(t)] : t € [0, 1]}. Consider the following Fredholm integral equation:

|x(s)| sin(ms)
12 4

Define F, G: D— Y by

x(s) =

+ cosg $) /0 " SinGre ().

sin(s) cos(mws) ! . 5
2 - 0sm(rrt)x (t)dt,

F(x) =x(s) +

G(x) = |;<§2| B sm(zns)

and

F(X) + G(X) ZX(S) + |X(5)| _ Sin(JTS) _ COS(;TS) /] sin(ﬂt)xz(t)dt. (40)
0

12 4 1
The Fréchet derivative of F at point x e ([0, 1]) is

E/(h(s)) = h(s) — =

(7s) /] sin(rt)x(t)h(t)dt for each h e C([0, 1]).
6 0

For x¢(s) = 0, we have the following
B (s) = h(s) for each h e C([0, 1)), B (F(xo) + Glxo)l < 5
and
1B (600~ G = I~y for each x.y (0. 1)).
Thus K = 13-, ¥ = &. B = 4. 8 = 0 and for the choice of 7 = 0.09, we have A = 0.325,k = 33—, b = 0.96551642899676, c =
7.66510984201464, Ay = 0.01724178550162, b + 2¢ — 2/c(c + b) = 0.02862839558843  clearly Ay <b+2c —2,/c(c+Db).

Thus function gz)]’,(r) has zero r*=1.08562159203139 and function ¢,(t) has zero t*=0.31798701471680 and
6 = 0.21805507285827. Now

llx=xoll r 1

/ L(u)du < / L(u)du < ———= —1=0.12596250398194 < 1
0 0 1 —yr)

and ﬁ”F,{gl (F(xg) + G(xg))|| <0.075 < 1. Since all the assumption of Corollary 4.7 hold. Therefore, the sequence {x,} gen-

erated by Algorithm 1.1 is well defined, remains in Bs+[xg] € Br+(xg) and converges to the solution x* € Bi«[xg] of equation

F(x) + G(x) =0, where F(x) + G(x) is defined in (40).

Remark 4.15. In Example 4.14, we cannot apply Theorem [32, Theorem 2.9] and [28, Theorem 3.1] because F(x) + G(x) is
not Fréchet differentiable on C([0, 1]). However all the conditions of Corollary 4.7 are satisfied.

5. Conclusions

We extend and improve the inexact Newton method [28,29,32,33] in the context of differentiability of involved operator
and introduced inexact Newton-like algorithm. We have discussed the semilocal convergence analysis of our algorithm un-
der the average Lipschitz condition as well as y-Lipschitz condition. We have also provided an example which shows the
effectiveness of our result.
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