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ON THE CONVERGENCE OF S-ITERATION PROCESS (SIP)
OF INEXACT NEWTON METHOD (INM)
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Abstract

In the present article, we introduce a SIP of inexact Newton-type algorithm to approximate the solution of 
operator equations in Banach space and discussed its semilocal convergence analysis (SCA) under weak 
and γ-Lipschitz condition (LC). In the special cases of the main result, we obtained some well established 
results and discussed their convergence analysis under weak conditions.
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1. Introduction

In the whole paper, the following notations have been used: D is a nonempty open 
convex subset of a Banach space X and Y be another Banach space, Fu

′ is the Fréchet 
derivative (FD) of nonlinear operator F : D → Y at point u ∈ D. For given u ∈ D, a 
real number r > 0, Br[u] = {v ∈ D : ‖v − u‖ ≤ r} and Br(u) = {v ∈ D : ‖v − u‖ < r} will 
designate the closed and open bolls respectively and N0 = N ∪ {0}.

Most of the problems of applied mathematics, physical sciences, economics and 
engineering such as differential and integral equations, system of linear and nonlinear 
equations can be written in the following form:

to find u ∈ D ⊆ X such that F (u) = 0. (1.1)

To find the exact solution of operator equation (1.1) is a challenging problem. The
Newton’s method (NM) is a powerful tool for finding approximate solutions of such
operator equations. With initial approximation u0 ∈ D, the NM is defined by

un+1 = un − F
′−1

un
F (un) for all n ∈ N0. (1.2)

In 1948, Kantorovich [1] first discussed the SCA of NM (1.2) with a convergence
criteria that the involved operator F has bounded second FD F ′′ or the FD F ′

satisfies the LC (see[2]). After Kantorovich, various generalization of NM (1.2) has
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been studied by several researchers [9–20] which either improve the Kantorovich
convergence criteria or has better performance than Newton-Kantorovich method
(1.2). In 1986, an important result was presented by Smale in the 20th international
conference of Mathematicians [3], where the concept of approximating the solution
of an operator equation was proposed and the convergence criteria depending only
on initial point was provided which really improve the Kantorovich’s convergence
criteria. Wang et al. [4–7] introduced the γ-condition which improve and generalized
the Smale’s main result. On the survey of literature, one can easily observe that there
are two drawbacks in the NM, first is to find FD of involved operator at each iteration
and second is to calculate exact solution of the following Newton’s equation:

F ′un
(un+1 − un) = −F (un) for all n ∈ N0

at each iteration. To overcome the first drawback of the NM, many Newton-type
iterative methods have been proposed in literature (see [2, 12–14]) and to overcome
the second drawback of the NM, Dembo et al. [21] in 1982 introduced the following
INM: {

un+1 = un + vn;
F ′un

(vn) = −F (un) + rn for all n ∈ N0,
(1.3)

where F : D→ Y is a continuously nonlinear Fréchet differentiable operator (NFDO)
and {rn} is a sequence in Y which depends on {un}. Dembo et al. [21] discussed the
local convergence analysis of (1.3) under the condition that {rn} satisfy the following
residual condition:

‖rn‖ ≤ κn‖F (un)‖ for all n ∈ N0, (1.4)

where 0 ≤ κn < 1 for all n ∈ N0 is a forcing sequence. In place of assumption
(1.4), Ypma [22] and Guo [23] used the conditions ‖F ′−1

un
(rn)‖ ≤ κn‖F

′−1
un
F (un)‖ and

‖F ′−1
u0

(rn)‖ ≤ κn‖F
′−1

u0
F (un)‖ for all n ∈ N0 respectively, to studied the local and SCA

of (1.3). In 2009, Shen and Li [24], used the condition ‖F ′−1
u0

(rn)‖ ≤ κn‖F
′−1

u0
F (un)‖ρ+1

for all n ∈ N0, where 0 ≤ ρ ≤ 1 and established a Kantorovich-type convergence
criterion for the INM (1.3). With ρ = 1 and γ-condition, Shen and Li [25] established
the Smale α-theory for the convergence analysis of (1.3). Recently, V. K. Singh
[26, 27] introduced an inexact Newton-type algorithm for solving generalized operator
equations involving non Fréchet differentiable operator and studied its SCA under
weak and γ-LC.

In 2007, Agarwal et al. [28] presented the S -iteration process in Banach space
for finding approximate fixed point of nonlinear operators. It is well known that for
finding the approximate fixed point the SIP is faster than the Mann and Picard iteration
processes (see [29, 31, 32]) for contraction operators. The SIP is also independent of
Ishikawa [33] and Mann [34] iteration processes. In 2011, Sahu [30] introduced the
normal SIP in Banach space and discussed its applications in various areas.

To find an approximate solution of real equation f (t) = 0, the following SIP of
Newton-type method was presented by Sahu [35]:
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
νn+1 = ωn −

f (ωn)
f ′(ωn) ,

ωn = (1 − δn)νn + δnµn,

µn = νn −
f (νn)
f ′(νn) for all n ∈ N0,

where {δn} is a sequence in (0, 1). In 2012, Sahu et al. [16] discussed the semi local
convergence of normal SIP for modified NM and in 2017, Sahu et al. [36] studied
the semilocal convergence of SIP of Newton-Kantorovich type method in the Banach
space setting.

In the present article, motivated by the work of Sahu [30, 35], Dembo et al. [21],
Shen and Li [25] and V. K. Singh [26, 27], we introduce a new SIP of inexact Newton-
type to approximate the solution of nonlinear operator equation (1.1):

Algorithm 1.1. Let D be nonempty open convex subset of a Banach space X, Y be
another Banach space and let u0 ∈ D. Suppose F : D→ Y is a NFDO such that F ′−1

u0

exists. For initial guess u0 ∈ D, the SIP of inexact Newton-type method is defined as
follows: 

F ′wn
(un+1 − wn) = −F (wn) + rn,

wn = (1 − δ)un + δvn,

F ′un
(vn − un) = −F (un) + r′n for all n ∈ N0,

(1.5)

where δ ∈ (0, 1) and {rn}, {r′n} are two sequences in Y depending on {un}.

The purpose of this article is to study the SCA of Algorithm 1.1 under the following
assumptions:

‖F ′−1
u0

rn‖ ≤ κ
′
n‖F

′−1
u0
F (wn)‖2; (1.6)

‖F ′−1
u0

r′n‖ ≤ κ
′′
n ‖F

′−1
u0
F (un)‖2 for all n ∈ N0, (1.7)

where κ′′n = δκ′n, 0 ≤ κ′n < 1, κ = sup
n∈N
{κ′n} and F ′−1

u0
F ′ satisfies the following weak LC:

(see[27, 38, 39]):

‖F ′−1
u0

(F ′u − F
′

v )‖ ≤
∫ ρ(u,v)

ρ(u)
L(t)dt (1.8)

for all u ∈ Br(u0), v ∈ Br−ρ(u)[u0], where ρ(u) = ‖u − u0‖, ρ(u, v) = ρ(u) + ‖v − u‖ ≤ r
and L : [0, r] → R be a non-negative, non-decreasing integrable function. The
Kantorovich’s and Smale’s type convergence conditions are the special cases of our
convergence criteria. More precisely, when κn = 0 for all n ∈ N0 our Algorithm 1.1
reduces to SIP of Newton-Kantorovich method [36]. Our results extend and improve
some established results in the context of SIP of INM in the Banach space setting.

The remaining part of the article is arranged as follows: In Section 2, we provide
some basic results. In Section 3, we discussed the SCA of proposed algorithm under
the weak LC and some related corollaries are also discussed. In Section 4, we studied
the SCA of same algorithm under the γ-Lipschitz condition.
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2. Preliminaries

In the present section, we provide some basic definitions and results which are very
useful in the proof of our results.

Lemma 2.1. Let σ, r, a and τ be positive real numbers with σ ≥ 0. Let L : [0, r] → R
be a positive non decreasing function and f : [0, r]→ R be a function defined by

f (ν) = τ − ν + σν2 + a
∫ ν

0
L(θ)(ν − θ)dθ. (2.1)

Define two real numbers ω and bω by

ω = sup
{
ν ∈ (0, r) : a

∫ ν

0
L(θ)dθ + 2σν ≤ 1

}
,

bω = ω − σω2 − a
∫ ω

0
L(θ)(ω − θ)dθ. (2.2)

If τ ≤ bω, then f is strictly decreasing on [0, ω] and it has a unique zero ν∗ in [0, ω]
with τ < ν∗.

Proof: One can easily observe that f ′(ν) = −1 + 2σν + a
∫ ν

0 L(θ)dθ, f ′′(ν) =

2σ + aL(ν) ≥ 0 for all ν ∈ [0, r]. Which implies that f ′ is increasing on [0, r] and
f ′(0) < 0 and f ′(ω) ≤ 0 hence f is decreasing on [0, ω]. From (2.1) and (2.2), we
have f (0) = τ > 0 and f (ω) ≤ 0. Which shows that f (ν) has a unique zero ν∗ in [0, ω]
and

f (τ) = στ2 + a
∫ τ

0
L(θ)(τ − θ)dθ > 0,

gives τ < ν∗. �

Lemma 2.2. Let L0 : [0, r]→ R be a non-negative, non-decreasing function and let all
the assumptions of Lemma 2.1 hold. Define g : [0, r]→ R by

g(ν) = τ − ν + a
∫ ν

0
L0(θ)(ν − θ)dθ. (2.3)

If L0(ν) ≤ L(ν) for all ν ∈ [0, r] and ν∗ is the positive solution of f (ν) = 0 in [0, s].
Then the sequence {νn} defined by

ν0 = 0,
µn = νn −

f (νn)
g′(νn) ,

ωn = (1 − δ)νn + δµn,

νn+1 = ωn −
f (ωn)

g′(ωn) for all n ∈ N0,

(2.4)

where δ ∈ (0, 1) is increasing and converges to ν∗. Moreover, the following assertions
hold:
(a) νn ≤ ωn ≤ νn+1 < ν

∗,
(b) a

∫ νn−ωn−1

0 (νn − ωn−1 − v)L(ωn−1 + v)dv + σ(νn − ωn−1)2 ≤ f (νn),
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(c) a
∫ ωn−νn

0 (ωn − νn − v)L(νn + v)dv + a(1 − δ) f (νn) + δ2σ(µn − νn)2 ≤ f (ωn)
for each n ∈ N0.

Proof. We shall prove part (a) by mathematical induction method. Note that
0 = ν0 < µ0 = τ, ω0 = δµ0 and

ν1 = ω0 −
f (ω0)

g′(ω0)
≥ ω0.

Let k > 1 be an integer and suppose that the following hold for each n = 1, 2, 3, · · · , k

νk−1 ≤ ωk−1 < νk < ν
∗. (2.5)

Since g′′(ν) = aL0(ν) > 0 for all ν ∈ [0, r], this shows that −g′ is strictly decreasing on
[0, ω] and for all ν ∈ [0, ω], we obtained

−g′(ν) > −g′(ν∗) ≥ −g′(ω) = 1 − a
∫ ω

0
L0(θ)dθ > 1 − a

∫ ω

0
L(θ)dθ > 0.

Note that f (νk) > 0. It follows that

ωk = νk − δ
f (νk)

g′(νk)
≥ νk and νk+1 = ωk −

f (ωk)
g′(ωk)

≥ ωk.

Thus (2.5) hold for n = k + 1. Therefore, by the method of mathematical induction,
(2.5) is true for each n ∈ N.

Define N ,S : [0, ν∗]→ [0, ν∗] by

N(ν) = ν − δ
f (ν)

g′(ν)
and S(N(ν)) = N(ν) −

f (N(ν))
g′(N(ν))

.

Since g′(ν) < 0 on [0, ν∗] and f (ν∗) = 0, therefore lim
ν→ν∗

f (ν)
g′(ν)

= 0, N(ν∗) = ν∗ and

S(N(ν∗)) = ν∗. Thus the functions N(ν) and S(ν) are well defined on [0, ν∗]. Now for
all ν ∈ [0, ν∗], we have

N ′(ν) =
(g′(ν))2 − δg′(ν) f ′(ν) + δ f (ν)g

′′

(ν)
(g′(ν))2 > 0

and

S′(ν) =
−g′(ν)( f ′(ν) − g′(ν)) + f (ν)g′′(ν)

(g′(ν))2 > 0.

Thus the functions N(ν) and S(ν) are monotonically increasing on [0, ν∗] and hence

νn ≤ ωn = N(νn) ≤ νn+1 = S(N(νn)) < S(ν∗) = ν∗.
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(b) By (2.1), (2.3) and (2.4), one can easily observe that

a
∫ νn−ωn−1

0
(νn − ωn−1 − v)L(ωn−1 + v)dv + σ(νn − ωn−1)2

= a
∫ νn

ωn−1

(νn − θ)L(θ)dθ + σ(νn − ωn−1)2

= a
∫ νn

0
(νn − θ)L(θ)dθ − a

∫ ωn−1

0
(νn − θ)L(θ)dθ + σ(νn − ωn−1)2

= a
∫ νn

0
(νn − θ)L(θ)dθ − a

∫ ωn−1

0
(ωn−1 − θ)L(θ)dθ − a

∫ ωn−1

0
L(θ)dθ(νn − ωn−1)

+ σν2
n − σω

2
n−1 − 2σωn−1(νn − ωn−1)

= f (νn) − f (ωn−1) − f ′(ωn−1)(νn − ωn−1)
= f (νn) − f (ωn−1) − g′(ωn−1)(νn − ωn−1) − 2σωn−1(νn − ωn−1)
= f (νn) − 2σωn−1(νn − ωn−1)
≤ f (νn).

(c) Again by (2.1), (2.3) and (2.4), we have

a
∫ ωn−νn

0
(ωn − νn − v)L(νn + v)dv + δ2σ(µn − νn)2 + c(1 − δ) f (tn)

≤ a
∫ ωn

νn

(ωn − θ)L(θ)dθ + δ2σ(µn − νn)2 + (1 − δ) f (νn)

= a
∫ ωn

0
(ωn − θ)L(θ)dθ − a

∫ νn

0
(νn − θ)L(θ)dθ − a

∫ νn

0
(ωn − νn)L(θ)dθ

+ σ(ωn − νn)2 + (1 − δ) f (νn)

= a
∫ ωn

0
(ωn − θ)L(θ)dθ − a

∫ νn

0
(νn − θ)L(θ)dθ − a

∫ νn

0
(ωn − νn)L(θ)dθ

+ σω2
n − σν

2
n − 2σνn(ωn − νn) + (1 − δ) f (νn)

= f (ωn) − f (νn) − f ′(νn)(ωn − νn) + (1 − δ) f (νn)
= f (ωn) − f (νn) − g′(νn)(ωn − νn) − 2σνn(ωn − νn) + (1 − δ) f (νn)
= f (ωn) − f (νn) − δg′(νn)(µn − νn) − 2σνn(ωn − νn) + (1 − δ) f (νn)
= f (ωn) − 2σνn(ωn − νn) ≤ f (ωn).

This completes the proof. �

Definition 2.3. [1] Let X be a Banach space and {un} be a sequence in X. A real
sequence {νn} is said to be a majorizing sequence of {un} if

‖un+1 − un‖ ≤ νn+1 − νn for all n ∈ N0.

Lemma 2.4. [1] Let X be a Banach space and {un} be a sequence in X and {νn} be a
majorizing sequence of {un}. Then, we have the following:



Convergence of S-iteration process of inexact Newton method 21

(a) sequence {νn} is non-decreasing;
(b) if {νn} converges to ν∗ < ∞, then there exists u∗ ∈ X such that lim

n→∞
un = u∗ and

‖u∗ − un‖ ≤ ν
∗ − νn for all n ∈ N0.

Lemma 2.5. (Rall [8], Page 50) Let X be a Banach space and P be a bounded linear
operator on X. Then, P−1 exists if and only if there exists a bounded linear operator
Q on X such that Q−1 exists, and

‖Q −P‖ <
1∥∥∥Q−1

∥∥∥ .
If P−1 exists, then ∥∥∥P−1

∥∥∥ ≤ ∥∥∥Q−1
∥∥∥

1 −
∥∥∥1 −Q−1P

∥∥∥ ≤
∥∥∥Q−1

∥∥∥
1 −

∥∥∥Q−1
∥∥∥ ‖Q −P‖ .

Lemma 2.6. Let D be a nonempty open subset of a Banach space X and Y be another
Banach space. Suppose F : D→ Y is a NFDO such that F ′−1

u0
exists for some u0 ∈ D.

Let r > 0 be such that Br(u0) ⊂ D and L0 a real valued non-negative non-decreasing
integrable function defined on [0,r]. Assume that the following conditions hold:

(C1) ‖F ′−1
u0

(F ′x − F
′

u0
)‖ ≤

∫ ‖x−u0‖

0 L0(θ)dθ for all x ∈ Br(u0);
(C2)

∫ r
0 L0(θ)dθ < 1.

Then, for each x ∈ Br(u0), F ′x is invertible and

‖F ′−1
x F

′
u0
‖ ≤

1

1 −
∫ ‖x−u0‖

0 L0(θ)dθ
≤ −

1
g′(‖x − u0‖)

, (2.6)

where function g is defined by (2.3).

Proof. For each x ∈ Br(u0), we obtain
‖I − F ′−1

u0
F ′x ‖ = ‖F ′−1

u0
(F ′x − F

′
u0

)‖

≤

∫ ‖x−u0‖

0
L0(θ)dθ < 1.

Therefore, by Lemma 2.5, we obtain

‖F ′−1
x F

′
u0
‖ ≤

1

1 −
∫ ‖x−u0‖

0 L0(θ)dθ
. (2.7)

For each x ∈ Br(u0), we have

−g′(‖x − u0‖) = 1 − a
∫ ‖x−u0‖

0
L0(θ)dθ ≤ 1 −

∫ ‖x−u0‖

0
L0(θ)dθ.

This implies that
1

1 −
∫ ‖x−u0‖

0 L0(θ)dθ
≤ −

1
g′(‖x − u0‖)

. (2.8)

Thus (2.6) follows from (2.7) and (2.8). �
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3. Main result

In this section, we discuss the SCA of our Algorithm 1.1 under weak LC (1.8).
Before proving our main result, we will establish the following results:

Proposition 3.1. Let D be a nonempty open convex subset of a Banach space X, Y
be another Banach space and u0 ∈ D. Suppose F : D → Y is a NFDO such that
F ′−1

u0
exists. Assume that F ′u satisfied the weak LC (1.8) and (C1). Let r > 0 be such

that Br(u0) ⊆ D and let R,R′ : Br(u0) → Y be two operators satisfy the following
conditions

‖F ′−1
u0

R(u)‖ ≤ κ′u‖F
′−1

u0
F (u)‖2 and ‖F ′−1

u0
R′(u)‖ ≤ κ′′u ‖F

′−1
u0
F (u)‖2,

where κ′′u = δκ′u and 0 ≤ κ′u < 1 such that
√
κ′u‖F

′−1
u0
F (u)‖ ≤ 1. Let 0 < δ < 1 and

define P,Q, S ,T,U : Br(u0)→ X by
T (u) = P(u) + S (u),
F ′P(u)(S (u)) = −F (P(u)) + R(P(u)),
P(u) = (1 − δ)u + δQ(u),
Q(u) = u + U(u),
F ′u (U(u)) = −F (u) + R′(u),

(3.1)

for all u ∈ Br(u0). Then for all u ∈ Br(u0) with T (u), P(u) ∈ Br(u0), we obtain

(a) ‖F ′−1
u0
F ′u ‖ ≤ 1 +

∫ ‖u−u0‖

0 L0(θ)dθ,

(b) ‖F ′−1
u0
F (T (u))‖ ≤

∫ 1
0

∫ ‖P(u)−u0‖+ν‖T (u)−P(u)‖
‖P(u)−u0‖

L(θ)‖T (u) − P(u)‖dθdν
+ κ′

P(u)
‖F ′−1

u0
F (P(u))‖2,

(c) ‖F ′−1
u0
F (P(T (u)))‖ ≤

∫ 1
0

∫ ‖u−u0‖+ν‖P(u)−u‖
‖u−u0‖

L(θ)‖P(u)−u‖dθdν+ (1− δ)‖F ′−1
u0
F (u)‖

+ δ2κ′u‖F
′−1

u0
F (u)‖2.

Furthermore, if F ′−1
u exists for some u ∈ Br(u0), then

(d) ‖P(u) − u‖ ≤ δ(1 +
√
κ′′u )‖(F ′−1

u0
F ′u )−1‖‖F ′−1

u0
F (u)‖.

Proof. : (a) For u ∈ Br(u0), we have

‖F ′−1
u0
F ′u ‖ = ‖I + F ′−1

u0
(F ′u − F

′
u0

)‖ ≤ 1 + ‖F ′−1
u0

(F ′u − F
′

u0
)‖ ≤ 1 +

∫ ‖u−u0‖

0
L0(θ)dθ.

(b) Using (1.8) and (3.1), we have

‖F ′−1
u0
F (T (u))‖

= ‖F ′−1
u0

(F (T (u)) − F (P(u)) − F ′P(u)(S (u)) + R(P(u)))‖

= ‖F ′−1
u0

(F (T (u)) − F (P(u)) − F ′P(u)(T (u) − P(u)) + R(P(u)))‖

≤

∫ 1

0
‖F ′−1

u0
(F ′P(u)+ν(T (u)−P(u)) − F

′
P(u))‖dν‖T (u) − P(u)‖ + ‖F ′−1

u0
R(P(u))‖

≤

∫ 1

0

∫ ‖P(u)−u0‖+ν‖T (u)−P(u)‖

‖P(u)−u0‖

L(θ)‖T (u) − P(u)‖dθdν + κ′
P(u)
‖F ′−1

u0
F (P(u))‖2.
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(c) Again using (1.8) and (3.1), we have

‖F ′−1
u0
F (P(u))‖ = ‖F ′−1

u0
(F (P(u)) − F (u) − F ′u U(u) + R′(u))‖

= ‖F ′−1
u0

(F (P(u)) − F (u) − F ′u (Q(u) − u) + R′(u))‖

= ‖F ′−1
u0

(F (P(u)) − F (u) − F ′u (P(u) − u) − F ′u (Q(u) − P(u)) + R′(u))‖

= ‖F ′−1
u0

∫ 1

0
(F ′u+ν(P(u)−u) − F

′
u )(P(u) − u)dν + (1 − δ)F (u) + δR′(u)‖

≤

∫ 1

0
‖F ′−1

u0
(F ′u+ν(P(u)−u) − F

′
u )‖dν‖P(u) − u‖ + (1 − δ)‖F ′−1

u0
F (u)‖ + δ‖F ′−1

u0
R′(u)‖

≤

∫ 1

0

∫ ‖u−u0‖+ν‖P(u)−u‖

‖u−u0‖

L(θ)‖P(u) − u‖dθdν + (1 − δ)‖F ′−1
u0
F (u)‖ + δκ′′u ‖F

′−1
u0
F (u)‖2

=

∫ 1

0

∫ ‖u−u0‖+ν‖P(u)−u‖

‖u−u0‖

L(θ)‖P(u) − u‖dθdν + (1 − δ)‖F ′−1
u0
F (u)‖ + δ2κ′u‖F

′−1
u0
F (u)‖2.

(d) Let u ∈ Br(u0) be such that F ′−1
u exists, then

‖P(u) − u‖ = δ‖Q(u) − u‖
= δ‖F ′−1

u (F (u) − R′(u))‖
≤ δ‖(F ′−1

u0
F ′u )−1‖(‖F ′−1

u0
F (u)‖ + ‖F ′−1

u0
R′(u)‖)

≤ δ‖(F ′−1
u0
F ′u )−1‖(‖F ′−1

u0
F (u)‖ + κ′′u ‖F

′−1
u0
F (u)‖2)

= δ(1 +
√
κ′′u )‖(F ′−1

u0
F ′u )−1‖‖F ′−1

u0
F (u)‖.

This completes the proof of proposition. �

Lemma 3.2. Let D be a nonempty open convex subset of a Banach space X, Y be
another Banach space and u0 ∈ D. Let F : D → Y be a NFDO such that F ′−1

u0

exists. Suppose all the conditions of Lemma 2.2, (C1), (C2), (1.6)-(1.8) hold and we
also suppose that the following assumptions hold:
(C3) ‖F ′−1

u0
F (u0)‖ = β for some β > 0;

(C4)
√
κ‖F ′−1

u0
F (u0)‖ ≤ 1;

(C5) a = 1 +
√
κ, τ = aβ, σ =

κa
(
1+

∫ r
0 L0(θ)dθ

)2

(1−
√
κ)2 .

Then the sequence {un} defined by SIP of INM (1.5) is well defined on Br[u0] and for
each n ∈ N the following assertions hold:
(a) a‖F ′−1

u0
F (un)‖ ≤ f (νn) ‖un−wn−1‖

νn−ωn−1
, a‖F ′−1

u0
F (wn)‖ ≤ f (ωn) ‖un−wn−1‖

νn−ωn−1
,

(b)
√
κ‖F ′−1

u0
F (un)‖ ≤ 1,

√
κ‖F ′−1

u0
F (wn)‖ ≤ 1

(c) ‖wn − un‖ ≤
ωn−νn
νn−ωn−1

‖un − wn−1‖ and ‖un+1 − wn‖ ≤
νn+1−ωn
νn−ωn−1

‖un − wn−1‖,
where {ωn} and {νn} are real sequences defined by (2.4).

Proof. Set um+1 = T (um),wm = P(um), rm = R(wm), r′m = R′(um), κ′m = κ′wm
and

κ′′m = κ′′um
,m ∈ N0. We will prove this Lemma by mathematical induction method

and it will be complete in the following steps.
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Step I Here we will prove that (a)-(c) hold for n = 1.
Using (2.4) and (1.5), we have

‖v0 − u0‖ = ‖F ′−1
u0

(−F (u0) + r′0)‖

≤ ‖F ′−1
u0
F (u0)‖ + ‖F ′−1

u0
r′0‖

≤ ‖F ′−1
u0
F (u0)‖ +

√
κ‖F ′−1

u0
F (u0)‖

= (1 +
√
κ)‖F ′−1

u0
F (u0)‖

= (1 +
√
κ)β = τ = −

f (ν0)
g′(ν0)

= µ0 − ν0

and ‖w0 − u0‖ = δ‖v0 − u0‖ ≤ δ(u0 − ν0) = ω0 − ν0 = ω0. Using Proposition 3.1, one
can easily observe that

(1 +
√
κ)‖F ′−1

u0
F (w0)‖ ≤ (1 +

√
κ)

( ∫ 1

0

∫ ν‖w0−u0‖

0
L0(θ)‖w0 − u0‖dθdν

+ (1 − δ)‖F ′−1
u0
F (u0)‖ + δ‖F ′−1

u0
r′0‖

)
≤ a

∫ 1

0

∫ ν‖w0−u0‖

0
L0(θ)‖w0 − u0‖dθdν + (1 − δ)aβ + δ

√
κaβ

≤ a
∫ ω0

0
(ω0 − v)L(v)dv + (1 − δ)aβ + δ2κaβ2

≤ a
∫ ω0

0
(ω0 − v)L(v)dv + (1 − δ)aβ + aδ2κβ2

= aβ − δaβ + aδ2κβ2 + a
∫ ω0

0
(ω0 − v)L(v)dv

= τ − ω0 + aδ2κβ2 + a
∫ ω0

0
(ω0 − v)L(v)dv

≤ τ − ω0 + σω2
0 + a

∫ ω0

0
(ω0 − v)L(v)dv = f (ω0). (3.2)

Since f is decreasing on [0, ω]. Therefore,

f (ω0) ≤ f (ν0) and
√
κ‖F ′−1

u0
F (w0)‖ ≤

√
κτ

1 +
√
κ

= β
√
κ ≤
√
κ‖F ′−1

u0
F (w0)‖ ≤ 1.

From Lemma 2.6, (1.5) and (3.2), we have

‖u1 − w0‖ = ‖ − F ′−1
w0

(F (w0) − r0)‖

≤ ‖(F ′−1
u0
F ′w0

)−1‖(‖F ′−1
u0
F (w0)‖ + ‖F ′−1

u0
r0‖)

≤ −
1

g′(ω0)
(‖F ′−1

u0
F (w0)‖ +

√
κ‖F ′−1

u0
F (w0)‖)

= −
(1 +

√
κ)‖F ′−1

u0
F (w0)‖

g′(ω0)
≤ −

f (ω0)
g′(ω0)

= ν1 − ω0.
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From Proposition 3.1, we have

‖F ′−1
u0
F (u1)‖ ≤

∫ 1

0

∫ ‖w0−u0‖+ν‖u1−w0‖

‖w0−u0‖

L(θ)‖u1 − w0‖dθdt + κ′0‖F
′−1

u0
F (w0)‖2,

(3.3)

‖F ′−1
u0
F ′w0
‖ ≤ 1 +

∫ ‖w0−u0‖

0
L0(θ)dθ ≤ 1 +

∫ r

0
L0(θ)dθ. (3.4)

From Algorithm 1.1, we have

‖F ′−1
u0
F ′w0

(u1 − w0)‖ = ‖F ′−1
u0
F (w0) − F ′−1

u0
r0‖

≥ ‖F ′−1
u0
F (w0)‖ − ‖F ′−1

u0
r0‖

≥ ‖F ′−1
u0
F (w0)‖ −

√
κ‖F ′−1

u0
F (w0)‖

= (1 −
√
κ)‖F ′−1

u0
F (w0)‖.

Which implies that

‖F ′−1
u0
F (w0)‖ ≤

‖F ′−1
u0
F ′w0
‖‖u1 − w0‖

1 −
√
κ

≤
1 +

∫ r
0 L0(θ)dθ

1 −
√
κ

‖u1 − w0‖. (3.5)

From (3.3), (3.4) and (3.5), we get

(1 +
√
κ)‖F ′−1

u0
F (u1)‖ ≤ a

∫ 1

0

∫ ‖w0−u0‖+ν‖u1−w0‖

‖w0−u0‖

L(θ)‖u1 − w0‖dθdν

+ aκ

(
1 +

∫ r
0 L0(θ)dθ

)2

(1 −
√
κ)2

‖u1 − w0‖
2

≤

[
a
∫ 1

0

∫ ω0−ν0+ν(ν1−ω0)

ω0−ν0

L(θ)(ν1 − ω0)dθdν

+ aκ

(
1 +

∫ r
0 L0(θ)dθ

)2

(1 −
√
κ)2

(ν1 − ω0)2
]
‖u1 − w0‖

ν1 − ω0

≤

[
a
∫ ν1−ω0

0
(ν1 − ω0 − v)L(ω0 + v)dv + σ(ν1 − ω0)2

]
‖u1 − w0‖

ν1 − ω0

≤ f (ν1)
‖u1 − w0‖

ν1 − ω0
.

One can easily prove that
√
κ‖F ′−1

u0
F (u1)‖ ≤ 1. Using (2.4) and Proposition 3.1, we

have

‖w1 − u1‖ ≤ δ(1 +
√
κ)‖(F ′−1

u0
F ′u1

)−1‖‖F ′−1
u0
F (u1)‖

= −δ
f (ν1)

g′(ν1)
‖u1 − w0‖

ν1 − ω0
=
ω1 − ν1

ν1 − ω0
‖u1 − w0‖.
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Step II In this step, we will prove that (a)-(c) hold for all n ∈ N.
Let k ≥ 1 be an integer and suppose that the following hold for n = 1, 2, 3, · · · , k

a‖F ′−1
u0
F (uk−1)‖ ≤ f (νk−1) ‖uk−1−wk−2‖

νk−1−ωk−2
,

a‖F ′−1
u0
F (wk−1)‖ ≤ f (ωk−1) ‖uk−1−wk−2‖

νk−1−ωk−2
,

√
κ‖F ′−1

u0
F (uk)‖ ≤ 1,

√
κ‖F ′−1

u0
F (wk−1)‖ ≤ 1,

‖wk−1 − uk−1‖ ≤
ωk−1−νk−1
νk−1−ωk−2

‖uk−1 − wk−2‖, ‖uk − wk−1‖ ≤
νk−ωk−1
νk−1−ωk−2

‖uk−1 − wk−2‖.

(3.6)
Using Proposition 3.1, we have

‖F ′−1
u0
F (uk)‖ ≤

∫ 1

0

∫ ‖wk−1−u0‖+ν‖uk−wk−1‖

‖wk−1−u0‖

L(θ)‖uk − wk−1‖dθdν + κ′k−1‖F
′−1

u0
F (wk−1)‖2,

(3.7)

‖F ′−1
u0
F ′wk−1

‖ ≤ 1 +

∫ ‖wk−1−u0‖

0
L0(θ)dθ ≤ 1 +

∫ r

0
L0(θ)dθ. (3.8)

From Algorithm 1.1, we have
‖F ′−1

u0
F ′wk−1

(uk − wk−1)‖ = ‖F ′−1
u0
F (wk−1) − F ′−1

u0
rk−1‖

≥ ‖F ′−1
u0
F (wk−1)‖ − ‖F ′−1

u0
rk−1‖

≥ ‖F ′−1
u0
F (wk−1)‖ −

√
κ‖F ′−1

u0
F (wk−1)‖

= (1 −
√
κ)‖F ′−1

u0
F (wk−1)‖. (3.9)

From (3.8) and (3.9), we have

‖F ′−1
u0
F (wk−1)‖ ≤

‖F ′−1
u0
F ′wk−1

‖ ‖uk − wk−1‖

1 −
√
κ

≤
1 +

∫ r
0 L0(θ)dθ

1 −
√
κ

‖uk − wk−1‖. (3.10)

From Lemma 2.2, (3.7) and (3.10), we have

(1 +
√
κ)‖F ′−1

u0
F (uk)‖ ≤ a

∫ 1

0

∫ ‖wk−1−u0‖+ν‖uk−wk−1‖

‖wk−1−u0‖

L(θ)‖uk − wk−1‖dθdν

+ aκ

(
1 +

∫ r
0 L0(θ)dθ

)2

(1 −
√
κ)2

‖uk − wk−1‖
2

≤

[
a
∫ 1

0

∫ ωk−1−ν0+ν(νk−ωk−1)

ωk−1−ν0

L(θ)(νk − ωk−1)dθdν

+ aκ

(
1 +

∫ r
0 L0(θ)dθ

)2

(1 −
√
κ)2

(νk − ωk−1)2

 ‖uk − wk−1‖

νk − ωk−1

≤

[
a
∫ νk−ωk−1

0
(νk − ωk−1 − v)L(ωk−1 + v)dv

+ σ(νk − ωk−1)2
]
‖uk − wk−1‖

νk − ωk−1

≤ f (νk)
‖uk − wk−1‖

νk − ωk−1
. (3.11)
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Now from Lemma 2.2 and (3.11), we have

‖wk − uk‖ ≤ δ(1 +
√
κ)‖(F ′−1

u0
F ′uk

)−1‖ ‖F ′−1
u0
F (uk)‖

≤ −δ
f (νk)

g′(νk)
‖uk − wk−1‖

νk − ωk−1

=
ωk − νk

νk − ωk−1
‖uk − wk−1‖. (3.12)

Again from Proposition 3.1, we have

‖F ′−1
u0
F (wk)‖ ≤

∫ 1

0

∫ ‖uk−u0‖+ν‖wk−uk‖

‖uk−u0‖

L(θ)‖wk − uk‖dθdν

+ (1 − δ)
∫ 1

0

∫ ‖wk−1−u0‖+ν‖uk−wk−1‖

‖wk−1−u0‖

L(θ)‖uk − wk−1‖dθdν

+ (1 − δ)κ′k−1‖F
′−1

u0
F (wk−1)‖2 + δ2κ′k‖F

′−1
u0
F (uk)‖2 (3.13)

and

‖F ′−1
u0
F ′uk
‖ ≤ 1 +

∫ ‖uk−u0‖

0
L0(θ)dθ ≤ 1 +

∫ r

0
L0(θ)dθ. (3.14)

From Algorithm 1.1, we get

‖F ′−1
u0
F ′uk

(vk − uk)‖ = ‖F ′−1
u0
F (uk) − F ′−1

u0
r′k‖

≥ ‖F ′−1
u0
F (uk)‖ − ‖F ′−1

u0
r′k‖

≥ (1 −
√
κ)‖F ′−1

u0
F (uk)‖. (3.15)

From (3.14) and (3.15), we have

‖F ′−1
u0
F (uk)‖ ≤

‖F ′−1
u0
F ′uk
‖ ‖vk − uk‖

1 −
√
κ

≤
1 +

∫ r
0 L0(θ)dθ

1 −
√
κ

‖vk − uk‖. (3.16)

From Lemma 2.2, (3.10), (3.12), (3.13) and (3.16), one can easily observe that

(1 +
√
κ)‖F ′−1

u0
F (wk)‖ ≤ (1 +

√
κ)

[∫ 1

0

∫ ‖uk−u0‖+ν‖wk−uk‖

‖uk−u0‖

L(θ)‖wk − uk‖dθdν

+ (1 − δ)
∫ 1

0

∫ ‖wk−1−u0‖+ν‖uk−wk−1‖

‖wk−1−u0‖

L(θ)‖uk − wk−1‖dθdν

+ (1 − δ)κ

(
1 +

∫ r
0 L0(θ)dθ

)2
‖uk − wk−1‖

2

(1 −
√
κ)2

+ δ2κ

(
1 +

∫ r
0 L0(θ)dθ

)2
‖vk − uk‖

2

(1 −
√
κ)2


= a

∫ 1

0

∫ ‖uk−u0‖+ν‖wk−uk‖

‖uk−u0‖

L(θ)(ωk − νk)dθdν
‖wk − uk‖

ωk − νk

+ (1 − δ)a
∫ 1

0

∫ ‖wk−1−u0‖+ν‖uk−wk−1‖

‖wk−1−u0‖

L(θ)‖uk − wk−1‖dθdν
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+ (1 − δ)κa

(
1 +

∫ r
0 L0(θ)dθ

)2
‖uk − wk−1‖

2

(1 −
√
κ)2

+ κa

(
1 +

∫ r
0 L0(θ)dθ

)2
‖wk − uk‖

2

(1 −
√
κ)2

≤ a
∫ 1

0

∫ ‖uk−u0‖+ν‖wk−uk‖

‖uk−u0‖

L(θ)(ωk − νk)dθdν
1

ωk − νk

ωk − νk

νk − ωk−1
‖uk − wk−1‖

+ (1 − δ)a
∫ 1

0

∫ ‖wk−1−u0‖+ν‖uk−wk−1‖

‖wk−1−u0‖

L(θ)‖uk − wk−1‖dθdν

+ (1 − δ)κa

(
1 +

∫ r
0 L0(θ)dθ

)2
‖uk − wk−1‖

2

(1 −
√
κ)2

+ κa

(
1 +

∫ r
0 L0(θ)dθ

)2
(ωk − νk)2

(1 −
√
κ)2

‖uk − wk−1‖

νk − ωk−1

≤

[
a
∫ 1

0

∫ νk−ν0+ν(ωk−νk)

νk−ν0

L(θ)(ωk − νk)dθdν
‖uk − wk−1‖

νk − ωk−1

+ (1 − δ)a
∫ 1

0

∫ ωk−1−ν0+ν(νk−ωk−1)

ωk−1−ν0

L(θ)(νk − ωk−1)dθdν
‖uk − wk−1‖

νk − ωk−1

+ (1 − δ)κa

(
1 +

∫ r
0 L0(θ)dθ

)2
(νk − ωk−1)2

(1 −
√
κ)2

‖uk − wk−1‖

νk − ωk−1

+ κa

(
1 +

∫ r
0 L0(θ)dθ

)2
(ωk − νk)2

(1 −
√
κ)2

‖uk − wk−1‖

νk − ωk−1


≤

[
a
∫ 1

0

∫ νk−ν0+ν(ωk−νk)

νk−ν0

L(θ)(ωk − νk)dθdν

+ (1 − δ)a
∫ 1

0

∫ ωk−1−ν0+ν(νk−ωk−1)

ωk−1−ν0

L(θ)(νk − ωk−1)dθdν

+ (1 − δ)κa

(
1 +

∫ r
0 L0(θ)dθ

)2
(νk − ωk−1)2

(1 −
√
κ)2

+ κa

(
1 +

∫ r
0 L0(θ)dθ

)2
(ωk − νk)2

(1 −
√
κ)2

 ‖uk − wk−1‖

νk − ωk−1

≤

[
a
∫ ωk−νk

0
(ωk − νk − v)L(νk + v)dv + a(1 − δ)

∫ νk−ωk−1

0
(νk − ωk−1 − v)L(ωk−1 + v)dv

+ (1 − δ)σ(νk − ωk−1)2 + δ2σ(uk − νk)2
] ‖uk − wk−1‖

νk − ωk−1

≤

[
a
∫ ωk−νk

0
(ωk − νk − v)L(νk + v)dv + (1 − δ) f (νk) + δ2σ(uk − νk)2

]
‖uk − wk−1‖

νk − ωk−1

≤ f (ωk)
‖uk − wk−1‖

νk − ωk−1
. (3.17)
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Since f is monotonically decreasing on [0, s]. Therefore,

f (ωk) ≤ f (ν0) and
√
κ‖F ′−1

u0
F (wk)‖ ≤

√
κτ

1 +
√
κ

= β
√
κ ≤
√
κ‖F ′−1

u0
F (w0)‖ ≤ 1.

Using Lemma 2.2 and (3.17), we get

‖uk+1 − wk‖ ≤ (1 +
√
κ)‖(F ′−1

u0
F ′wk

)−1‖‖F ′−1
u0
F (wk)‖

≤ −
f (ωk)
f ′(ωk)

‖uk − wk−1‖

νk − ωk−1
=
νk+1 − ωk

νk − ωk−1
‖uk − wk−1‖.

Thus (3.6) hold for n = k + 1. Therefore, by the method of mathematical induction
(3.6) is true for each n ∈ N0. Hence (a)-(c) are hold for each n ∈ N. This completes
the proof of Theorem. �

Theorem 3.3. Assume that all the conditions of Lemma 3.2 hold and let τ ≤
min{ 1

√
κ
, bω} and Bν∗[u0] ⊆ Br(u0). Then the sequence {un} defined by SIP of INM

(1.5) is well defined, remains in Bν∗[u0] and converges to the solution u∗ ∈ Bν∗[u0] of
operator equation F (u) = 0. Moreover,

‖un+1 − un‖ ≤ νn+1 − νn and ‖u∗ − un‖ ≤ ν
∗ − νn for all n ∈ N0,

where the sequence {νn} is real and defined by (2.4).

Proof. The condition τ ≤ min{ 1
√
κ
, bω} implies that the Lemma 2.1 and Lemma 2.2 are

applicable. In Lemma 3.2, we have already proved that the sequence {un} defined by
(1.5) is well defined and

√
κ‖F ′−1

u0
F (un)‖ ≤ 1 for all n ∈ N0.

Using Lemma 3.2, we have

‖un+1 − un‖ ≤ ‖un+1 − wn‖ + ‖wn − un‖

≤
νn+1 − ωn

νn − ωn−1
‖un − wn−1‖ +

ωn − νn

νn − ωn−1
‖un − wn−1‖

=

[
νn+1 − ωn

νn − ωn−1
+

ωn − νn

νn − ωn−1

]
‖un − wn−1‖

=
νn+1 − νn

νn − ωn−1
‖un − wn−1‖ ≤ νn+1 − νn for all n ∈ N.

Now, for all m, n ∈ N0, one can easily prove that

‖um+n − un‖ ≤

m+n−1∑
i=1

‖ui+1 − ui‖ ≤ νm+n − νn. (3.18)

But the real sequence {νn} is convergent and converges to ν∗. Therefore, the sequence
{un} is a Cauchy sequence and converges to some point u∗. Taking limit m → ∞ in
(3.18), we obtain

‖u∗ − un‖ ≤ ν
∗ − νn for all n ∈ N0. (3.19)
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Taking n = 0 in both (3.18) and (3.19), we have

‖um − u0‖ ≤ νm ≤ ν
∗ and ‖u∗ − u0‖ ≤ ν

∗.

This shows that real sequence {νn} is a majorizing sequence of sequence {un}. In view
of Lemma 2.4, we conclude that {un} converges to u∗ ∈ Bν∗[u0]. �

In the special case when we take κ = 0, then τ = β, a = 1 and σ = 0 and Theorem
3.3 reduces to the following related result of SIP of Newton-type method:

Corollary 3.4. Let X and Y be two Banach spaces and D a nonempty open convex
subset of X. Let F : D→ Y be a NFDO such that F ′−1

u0
exists for some u0 ∈ D. Assume

that the assumptions (C1), (C2), (C3) and (1.8) hold. If β ≤ ω −
∫ ω

0 L(θ)(ω − θ)dθ and
ω satisfying

∫ ω

0 L(θ)dθ ≤ 1 and Bν∗[u0] ⊆ Bω(u0), where ν∗ is the solution of equation∫ ν

0 L(θ)(ν − θ)dθ − ν + β = 0. Then the sequence {un} defined by SIP of Newton-type
method: 

F ′wn
(un+1 − wn) = −F (wn),

wn = (1 − δ)un + δvn,

F ′un
(vn − un) = −F (un),

(3.20)

for all n ∈ N0, where δ ∈ (0, 1) is well defined, remains in Bν∗[u0] and converges to the
solution of operator equation F (u) = 0. Moreover,

‖un+1 − un‖ ≤ νn+1 − νn and ‖u∗ − un‖ ≤ ν
∗ − νn

for each n ∈ N0, where {νn} is the real sequence defined by (2.4).

Proof. The proof of above corollary follows from proof of the Theorem 3.3. �

If we take L and L0 are positive constant such that L0 ≤ L and κ = 0, then
a = 1, τ = β, σ = 0, f (ν) = Lν2

2 − ν + β and g(ν) =
L0ν

2

2 − ν + β and Theorem 3.3
reduces to the following corollary:

Corollary 3.5. Let X and Y be two Banach spaces and D a nonempty open convex
subset of X. Let F : D → Y be a NFDO such that F ′−1

u0
exists for some u0 ∈ D.

Suppose that the assumption (C3) holds and F satisfies the following conditions:
(C6) ‖F ′−1

u0
(F ′u − F

′
u0

)‖ ≤ L0‖u − u0‖ for all u ∈ D;
(C7) ‖F ′−1

u0
(F ′u − F

′
v )‖ ≤ L‖u − v‖ for all u, v ∈ D;

(C8) h = βL ≤ 1
2 and ν∗ = 1−

√
1−2h
h β.

Then, the sequence {un} defined by (3.20) is well defined, remains in Bν∗[u0] and
converges to the solution of operator equation F (u) = 0. Moreover,

‖un+1 − un‖ ≤ νn+1 − νn and ‖u∗ − un‖ ≤ ν
∗ − νn

for each n ∈ N0, where {νn} is the real sequence defined by (2.4).

Proof. The proof of above corollary follows from proof of the Theorem 3.3. �
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4. Semilocal convergence of Algorithm 1.1 under γ-LC

In this section, we discuss the convergence analysis of our Algorithm 1.1 under
γ-LC. Let γ, τ and a be positive real numbers. The function fγ : [0, 1

γ
)→ R defined by

fγ(ν) = τ − ν +
aγν2

1 − γν
(4.1)

was first introduced by Wang [4, 5] for a = 1 and it was also used by Shen and Li
[24, 25], Argyros et al. [37] and V. K. Singh [26, 27] as the majorizing function for
the convergence analysis of their respective algorithms.

Define two functions L : [0, 1
γ
)→ R and L0 : [0, 1

γ0
)→ R by

L(ν) =
2γ

(1 − γν)3 (4.2)

L0(ν) =
2γ0

(1 − γ0ν)3 , (4.3)

where γ and γ0 are two positive real numbers such that γ0 ≤ γ. One can easily observe
that L0(ν) ≤ L(ν) for each ν ∈ [0, 1

γ
).

Taking σ = 0 and above L0(ν) and L(ν) in Lemma 2.1 and Lemma 2.2, we obtain
the following result:

Lemma 4.1. Let γ, γ0, τ and a be the positive real numbers and fγ be a real valued
function defined by (4.1). Let gγ0 : [0, 1

γ0
)→ R be a real valued function defined by

gγ0 (ν) = τ − ν +
aγ0ν

2

1 − γ0ν
. (4.4)

If

τγ ≤ 1 + 2a − 2
√

a(1 + a). (4.5)

Then, we have the following assertions:

(a) Equation f ′γ(ν) = 0 has only one solution r∗ =

(
1 −

√ a
1+a

)
1
γ

in [0, 1
γ
)

(b) Equation fγ(ν) = 0 has two real roots

ν∗ =
1 + τγ −

√
(1 + τγ)2 − 4τγ(1 + a)
2(1 + a)γ

and

ν∗∗ =
1 + τγ +

√
(1 + τγ)2 − 4τγ(1 + a)
2(1 + a)γ

with τ ≤ ν∗ ≤ r∗ ≤ ν∗∗,
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(c) Sequence {νn} defined by
ν0 = 0,
µn = νn −

fγ(νn)
g′γ0 (νn) ,

ωn = (1 − δ)νn + δµn,

νn+1 = ωn −
fγ(ωn)

g′γ0 (ωn) for all n ∈ N0,

(4.6)

where δ ∈ (0, 1) is non-decreasing and converges to ν∗.

Lemma 4.2. Let {νn} and {ωn} be the real sequences defined by (4.6) and condition
(4.5) hold. Then, we have the following assertions:

νn+1 − νn

νn − ωn−1
≤ α2n−1

,
νn+1 − ωn

νn − ωn−1
≤ α2n−1

and
ν∗ − νn

ν∗ − ωn−1
≤ α2n−1

,

where ν∗ is the solution of fτ(ν) = 0 and

α =
1 − τγ −

√
(1 + τγ)2 − 4τγ(1 + a)

1 − τγ +
√

(1 + τγ)2 − 4τγ(1 + a)
.

Proof. The proof of Lemma 4.2 follows from [25, Lemma 2.3] �

Definition 4.3. [27] Let X and Y be two Banach spaces, D a nonempty open convex
subset of X with u0 ∈ D and let F : D → Y be a NFDO such that F′−1

u0
exists. Let

γ > 0 and 0 < r ≤ 1
γ

be such that Br(u0) ⊂ D and L is defined by (4.2). The operator
F is said to satisfy the γ-LC if

‖F ′−1
u0

(F ′u − F
′

v )‖ ≤
∫ ρ(u,v)

ρ(u)
L(θ)dθ for each u ∈ Br(u0) and v ∈ Br−ρ(u)[u0], (4.7)

where ρ(u) = ‖u − u0‖ and ρ(u, v) = ρ(u) + ‖v − u‖ ≤ r.

Lemma 4.4. Let X and Y be two Banach spaces, D a nonempty open convex subset of
X with u0 ∈ D and let F : D → Y be a NFDO such that F ′−1

u0
exists. Let γ0 be a

positive real number and r =

(
1 − a

√
1+a

)
1
γ0

be such that Br(u0) ⊂ D. Assume that L0

same as in (4.3) and condition (C1) holds. Then for all x ∈ Br(u0), we have

‖F ′−1
x F

′
u0
‖ ≤

(
2 −

1
(1 − γ0‖x − u0‖)2

)−1
≤ −

1
g′τ0

(‖x − u0‖)
,

where gγ0 is defined by (4.4).

Proof. The proof of Lemma 4.4 follows from Lemma 2.6. �

Lemma 4.5. Let X and Y be two Banach spaces, D a nonempty open convex subset of
X with u0 ∈ D and let F : D → Y be a NFDO such that F ′−1

u0
exists. Assume that

F satisfies (1.6), (1.7) and γ-LC (4.7). We also assume that all the assumptions of
Lemma 4.4 and Lemma 4.5 hold. Suppose that the assumptions (C3) and (C4) hold
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on Br(u0) ⊂ D, 0 < r < 1
γ
. Let τ = (1 +

√
κ)β and a = 1 +

√
κ +

√
2κ(1+

√
κ)

γ(1−
√
κ)2 . Then

the sequence {un} defined by Algorithm 1.1 is well defined. Moreover, the following
assertions hold:

(a) ‖F ′−1
un
F ′u0
‖ ≤ − 1

g′γ0 (νn) ;

(b) (1 +
√
κ)‖F ′−1

u0
F (un)‖ ≤ fγ(νn) ‖un−wn−1‖

νn−ωn−1
, (1 +

√
κ)‖F ′−1

u0
F (wn)‖ ≤ fγ(ωn) ‖un−wn−1‖

νn−ωn−1
;

(c)
√
κ‖F ′−1

u0
F (un)‖ ≤ 1;

(d) ‖wn − un‖ ≤
ωn−νn
νn−ωn−1

‖un − wn−1‖, ‖un+1 − un‖ ≤
νn+1−νn
νn−ωn−1

‖un − wn−1‖,

where {νn} and {ωn} are real sequences defined by (4.6).

Theorem 4.6. Assume that all the conditions of Lemma 4.5 hold and

β ≤ min
{

1
√
κ
,

1 + 2a − 2
√

a(1 + a)
γ(1 +

√
κ)

}
.

Then the sequence {un} defined by Algorithm 1.1 is well defined, remains in Bν∗[u0]
and converges to the solution u∗ ∈ Bν∗[u0] of F (x) = 0. Moreover, the following error
estimates hold:

(a) ‖un+1 − un‖ ≤ α
2n−1
‖un − wn−1‖;

(b) ‖un+1 − wn‖ ≤ α
2n−1
‖un − wn−1‖;

(c) ‖u∗ − un‖ ≤
α2n−1

1−α2n ‖u1 − w0‖.

Proof. The proof of the Theorem 4.6 follows from the proof of Theorem 3.3 and
Lemma 4.2. �

Corollary 4.7. Let X and Y be two Banach spaces, D a nonempty open convex subset
of X with u0 ∈ D and let F : D → Y be a NFDO such that F ′−1

u0
exists. Assume that

F satisfies the γ-LC (4.7). We also suppose that a = 1, τ = β and all the assumptions
of Lemma 4.2 and 4.4 hold. Then the sequence {un} defined by (3.20) is well defined
remains in Bν∗[u0] and converges to the solution u∗ ∈ Bν∗[u0] of F (x) = 0. Moreover
the following assertions hold:

(a) ‖F ′−1
u0
F un‖ ≤ fγ(νn) ‖un−wn−1‖

νn−ωn−1
, ‖F ′−1

u0
Fwn‖ ≤ fγ(ωn) ‖un−wn−1‖

νn−ωn−1
;

(b) ‖un+1 − un‖ ≤ α
2n−1
‖un − wn−1‖;

(c) ‖un+1 − wn‖ ≤ α
2n−1
‖un − wn−1‖;

(d) ‖u∗ − un‖ ≤
α2n−1

1−α2n ‖u1 − w0‖.

Proof. The proof of this Corollary follows from proof of the Theorem 4.6. �

Remark 4.8. The result [36, Corollary 4.1] deals with the convergence analysis of
SIP of Newton-like for approximate solution of m (m ≥ 3) times continuously NFDO
equation. Our result deals with the approximate solution of only one time NFDO
equation in the context of SIP of inexact Newton-like method.
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