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Abstract

In the present article, we introduce a SIP of inexact Newton-type algorithm to approximate the solution of
operator equations in Banach space and discussed its semilocal convergence analysis (SCA) under weak
and y-Lipschitz condition (LC). In the special cases of the main result, we obtained some well established
results and discussed their convergence analysis under weak conditions.
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1. Introduction

In the whole paper, the following notations have been used: D is a nonempty open
convex subset of a Banach space X and Y be another Banach space, ¥, is the Fréchet
derivative (FD) of nonlinear operator ¥ : D — Y at point u € D. For givenu € D, a
real number r > 0, B, [u] ={ve D :|v—ul| <r}and B,(u) ={ve D :|lv—ul < r}wil
designate the closed and open bolls respectively and Ny = N U {0}.

Most of the problems of applied mathematics, physical sciences, economics and
engineering such as differential and integral equations, system of linear and nonlinear
equations can be written in the following form:

to find u € D C X such that ¥ (u) = 0. (L.

To find the exact solution of operator equation (1.1) is a challenging problem. The
Newton’s method (NM) is a powerful tool for finding approximate solutions of such
operator equations. With initial approximation uy € D, the NM is defined by

Uns1 = Uy — F F(u,) forall n e No. (1.2)

In 1948, Kantorovich [1] first discussed the SCA of NM (1.2) with a convergence
criteria that the involved operator ¥ has bounded second FD ¥ or the FD ¥’
satisfies the LC (see[2]). After Kantorovich, various generalization of NM (1.2) has
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been studied by several researchers [9-20] which either improve the Kantorovich
convergence criteria or has better performance than Newton-Kantorovich method
(1.2). In 1986, an important result was presented by Smale in the 20" international
conference of Mathematicians [3], where the concept of approximating the solution
of an operator equation was proposed and the convergence criteria depending only
on initial point was provided which really improve the Kantorovich’s convergence
criteria. Wang et al. [4—7] introduced the y-condition which improve and generalized
the Smale’s main result. On the survey of literature, one can easily observe that there
are two drawbacks in the NM, first is to find FD of involved operator at each iteration
and second is to calculate exact solution of the following Newton’s equation:

ﬁn(un+l - un) = —7:(1/!”) foralln e NO

at each iteration. To overcome the first drawback of the NM, many Newton-type

iterative methods have been proposed in literature (see [2, 12—14]) and to overcome

the second drawback of the NM, Dembo et al. [21] in 1982 introduced the following
INM:

{ Up+l = Up + Vi (1.3)

Fu,(Vn) = =F (u) + r, forall n € Ny,

where ¥ : D — Y is a continuously nonlinear Fréchet differentiable operator (NFDO)
and {r,} is a sequence in Y which depends on {u,}. Dembo et al. [21] discussed the
local convergence analysis of (1.3) under the condition that {r,} satisfy the following
residual condition:

llrall < &allF ()|l for all n € No, (1.4)

where 0 < k, < 1 for all n € Ny is a forcing sequence. In place of assumption
(1.4), Ypma [22] and Guo [23] used the conditions ||7",,’,,_1(Vn)|| < Knll?'u’n_l?d(un)ll and
||Tu'0‘1(rn)|| < kallFy Y (u,)|| for all n € Ny respectively, to studied the local and SCA
of (1.3). In 2009, Shen and Li [24], used the condition ||F, = (r)I| < kallF ' F () IIP+!
for all n € Ny, where 0 < p < 1 and established a Kantorovich-type convergence
criterion for the INM (1.3). With p = 1 and y-condition, Shen and Li [25] established
the Smale a-theory for the convergence analysis of (1.3). Recently, V. K. Singh
[26, 27] introduced an inexact Newton-type algorithm for solving generalized operator
equations involving non Fréchet differentiable operator and studied its SCA under
weak and y-LC.

In 2007, Agarwal et al. [28] presented the S -iteration process in Banach space
for finding approximate fixed point of nonlinear operators. It is well known that for
finding the approximate fixed point the SIP is faster than the Mann and Picard iteration
processes (see [29, 31, 32]) for contraction operators. The SIP is also independent of
Ishikawa [33] and Mann [34] iteration processes. In 2011, Sahu [30] introduced the
normal SIP in Banach space and discussed its applications in various areas.

To find an approximate solution of real equation f(¢#) = 0, the following SIP of
Newton-type method was presented by Sahu [35]:
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ast = @0 = S5
Wy = (1 - 6n)Vn + 6n,un,

Uy =V, — {((Vv)) for all n € Ny,

where {6,} is a sequence in (0, 1). In 2012, Sahu et al. [16] discussed the semi local
convergence of normal SIP for modified NM and in 2017, Sahu et al. [36] studied
the semilocal convergence of SIP of Newton-Kantorovich type method in the Banach
space setting.

In the present article, motivated by the work of Sahu [30, 35], Dembo et al. [21],
Shen and Li [25] and V. K. Singh [26, 27], we introduce a new SIP of inexact Newton-
type to approximate the solution of nonlinear operator equation (1.1):

AvLGoriTHM 1.1. Let D be nonempty open convex subset of a Banach space X, Y be
another Banach space and let uy € D. Suppose ¥ : D — Y is a NFDO such that :
exists. For initial guess ug € D, the SIP of inexact Newton-type method is defined as
Sfollows:

Ty;n(unﬂ —wp) = =F (Wy) + 1,
w, = (1 = O)u, + ov,, (1.5)
F,Vn = tn) = =F (u,) + 1, forall n € Ny,

where ¢ € (0, 1) and {r,}, {r,} are two sequences in Y depending on {u,}.

The purpose of this article is to study the SCA of Algorithm 1.1 under the following
assumptions:

IF rall < I T (Wil (1.6)
|F rall < & NF ' F ()| for all n € Ny, 1.7)
where ] = 6k, 0 < k], < 1, k = sup{«,} and F,/~'F" satisfies the following weak LC:
(see[27, 38, 39]): "
IF  (F = F < f :)(:’V) L(r)dt (1.8)
ot

for all u € B.(up),v € Br_puluol, where p(u) = |lu — uoll, o(u,v) = p(u) + [lv —ull < r
and L : [0,r] — R be a non-negative, non-decreasing integrable function. The
Kantorovich’s and Smale’s type convergence conditions are the special cases of our
convergence criteria. More precisely, when «, = 0 for all n € N our Algorithm 1.1
reduces to SIP of Newton-Kantorovich method [36]. Our results extend and improve
some established results in the context of SIP of INM in the Banach space setting.

The remaining part of the article is arranged as follows: In Section 2, we provide
some basic results. In Section 3, we discussed the SCA of proposed algorithm under
the weak LC and some related corollaries are also discussed. In Section 4, we studied
the SCA of same algorithm under the y-Lipschitz condition.
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2. Preliminaries

In the present section, we provide some basic definitions and results which are very
useful in the proof of our results.

Lemma 2.1. Let o, r,a and T be positive real numbers with o > 0. Let L : [0,r] - R
be a positive non decreasing function and f : [0,r] = R be a function defined by

fO)y=t-v+0V +a f ' L(O)(v — 6)d6. 2.1
0

Define two real numbers w and b, by

a):sup{ve(O,r):af L(6)dO + 20v < 1},
0

b,=w-ocw*—a f ! L(O)(w — 6)d6. (2.2)
0

If T < by, then f is strictly decreasing on [0, w] and it has a unique zero v* in [0, w]
with T < v,

Proof: One can easily observe that f'(v) = -1 + 20v + a fov L(©)do, f"(v) =
20+ al(v) = 0 for all v € [0,r]. Which implies that f” is increasing on [0, r] and
f'(0) < 0and f'(w) < 0 hence f is decreasing on [0, w]. From (2.1) and (2.2), we
have f(0) = 7 > 0 and f(w) < 0. Which shows that f(v) has a unique zero v* in [0, w]
and

f)y=o0t*+a f L(O)(T — 6)do > 0,
0
gives T < v*. |

Lemma 2.2. Let Ly : [0, r] — R be a non-negative, non-decreasing function and let all
the assumptions of Lemma 2.1 hold. Define g : [0,r] — R by

gv)y=1-v+a fv Lo(6)(v — 6)d6. 2.3)
0

If Lo(v) < L(v) for all v € [0,r] and v* is the positive solution of f(v) = 0 in [0, s].
Then the sequence {v,} defined by

vo =0,

— _ SO
/‘ln - V}’l g’(vn)’ (2 4)
w, =1 -0, + 6ﬂn» ’

Vnel = Wp — g((fﬁ forall n € Ny,

where ¢ € (0, 1) is increasing and converges to v*. Moreover, the following assertions
hold:

@ vy 2w, <V <V,

(b) a o (Vn —Wp-1— V)L(U-)n—l + V)dV + O-(Vn - wn—l)z < f(Vn)9
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n~Vn

© af" " (wn = Vu = VL + )V + a(l = 8) () + 0ty — va)* < flwn)
for each n € N,

Proor. We shall prove part (a) by mathematical induction method. Note that
0=vy <ug=r1, wy = duy and

fwo) > wp.

Vi =Wy — =
g (wo)

Let £ > 1 be an integer and suppose that the following hold for eachn = 1,2,3,--- ,k
Viel S wp1 < v <V 2.5

Since g’ (v) = aLo(v) > 0 for all v € [0, ], this shows that —g’ is strictly decreasing on
[0, w] and for all v € [0, w], we obtained

-4 >-g0v)=z-gw=1- af Ly(6)do > 1 — af L(6)d6 > 0.
0 0
Note that f(v;) > 0. It follows that

fo) > v and Vi = W — ACD) > Wg.
g (k) g’ (wy)

wk:vk—é

Thus (2.5) hold for n = k + 1. Therefore, by the method of mathematical induction,
(2.5) is true for each n € N.
Define N, S : [0,v*] — [0,v*] by

W VN ()
Ny =v 6g’(v) and S(IN() = N(v) TND)
J)

Since g’(v) < 0 on [0,v*] and f(v*) = O, therefore lim =0, Nv*) = v" and

S(N(v")) = v*. Thus the functions N(v) and S(v) are well defined on [0, v*]. Now for
all v € [0, v*], we have

’

(8'(M)* =g Mf' V) +6f (g ) -0
(g ()

N'(v) =

and
gV g W)+ f(r)g” ) S
(g ()?

Thus the functions N (v) and S(v) are monotonically increasing on [0, v*] and hence

0.

S =

Vn S Wy = N(Vn) < Vpel = S(N(Vn)) < S(V*) ="



20 Vipin Kumar Singh, Satyendra Kumar, Maya Ram and Manoj Kumar

(b) By (2.1), (2.3) and (2.4), one can easily observe that

Vi —Wp-1
a f V= Wyt = V)L(@y—1 +V)AV + 0y — wy1)?
0

- al (v, — OLO)dO + o(vy, — wp_1)*

Wp—1

A N f T — OLO)8 + (v, — 1)
0 0

= a f " (v~ OLOO - a f " (ot~ OLOWO - a f Lo, )
0 0 ’

+ a'v,% — O'a)i_] —20Wu_1(Vy — Wy—1)

= fn) = flwn1) = [0V — wp1)

= fn) = flwn-1) = §(Wn-1)Vi = Wn-1) = 20051 (Vs — Wp-1)
fn) = 20wn-1(vy — Wy-1)

Fn).

(c) Again by (2.1), (2.3) and (2.4), we have

IA

a f O n = v = VL(vy + V)dv + 8ty — v + (1 = 8)f(t,)
0

IA

a f Y (0 — OLO)8 + 520y — vy + (1 = 8)f ()

n

= a f wn(wn -OLO)dO — a f Vn(vn - 0)L(0)do — a f ! (wy, — vp)L(O)dO
0 0 0

+ 0wy = V) + (1= 0)f(vy)

. fwn(wn ~O)L(O)d6 — a f " (v = OLOI— a f (@ — v)LO)dO
0 0 0

+ O'wi - O'Vﬁ =20V (wy — V) + (1 =6)f(vy)
= fwn) = fn) = ) @n = va) + (1 = 8) f(vy)

= flwn) = fVn) = § V) (Wn = Vi) = 20Vi(wn — V) + (1 = 8) f(va)
= flwn) = f(vn) = 08" V) (ptn = Vi) = 20Vu(@wy = Vi) + (1 = 6) (V)

flwy) = 20vy(w, = vy) < fwy).

This completes the proof. O

DeriniTion 2.3. [1] Let X be a Banach space and {u,} be a sequence in X. A real
sequence {v,} is said to be a majorizing sequence of {u,} if

[ltne1 — tnll £ Vg1 — v, forall n e Ng.

Lemma 2.4. [1] Let X be a Banach space and {u,} be a sequence in X and {v,} be a
majorizing sequence of {u,}. Then, we have the following:
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(a) sequence {v,} is non-decreasing;
(b) if {v,} converges to v* < o, then there exists u* € X such that lim u, = u* and

n—oo
lu" —unl < v —v, forall neN.

Lemma 2.5. (Rall [8], Page 50) Let X be a Banach space and ¥ be a bounded linear
operator on X. Then, B~ exists if and only if there exists a bounded linear operator
Q on X such that Q" exists, and

1
19 -PlI <

(=

If P! exists, then

=7 =)
T TRy B S TS
LEmMA 2.6. Let D be a nonempty open subset of a Banach space X and Y be another
Banach space. Suppose ¥ : D — Y is a NFDO such that 7",4’[:1 exists for some ug € D.
Let r > 0 be such that B,(uyg) C D and Ly a real valued non-negative non-decreasing
integrable function defined on [0,r]. Assume that the following conditions hold:

Lo(0)d6 for all x € B,(up);

(RN

{lx=uoll

C) IF FL = Fall < ]
(C2) [ Lo(@)do < 1.
Then, for each x € B.(up), F) is invertible and
ey 1 1
“T lﬁr”“” - {lx—uoll ’ ’
- L (g)dg ~g/(lx = uol)
where function g is defined by (2.3).

(2.6)

Proor. For each x € B,(up), we obtain

- Fo ' 7 1P (Fry = Tl

{lx—oll
f Lo(0)do < 1.
0

1
_ fllx MullL (Q)dQ

IN

Therefore, by Lemma 2.5, we obtain

Hﬂ”ﬁwsl

2.7)

For each x € B,(up), we have

{lx—uol| {lx—uol|
—g(x—-ulh=1-a f Lo(6)do < 1 - f Lo(6)d6.
0 0

This implies that
1 1

1— IIX uollL (H)dg gl(”x_ uoll)”
Thus (2.6) follows from (2.7) and (2.8). O

(2.8)
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3. Main result

In this section, we discuss the SCA of our Algorithm 1.1 under weak LC (1.8).
Before proving our main result, we will establish the following results:

ProposiTioN 3.1. Let D be a nonempty open convex subset of a Banach space X, Y
be another Banach space and uy € D. Suppose ¥ : D — Y is a NFDO such that
Frg Uexists. Assume that F! satisfied the weak LC (1.8) and (Cy). Let r > 0 be such

that B,(up) € D and let R,R’ : B,.(uy) — Y be two operators satisfy the following
conditions

1F e R < & )1F ' F @I and ||F,, R @ < «IF ' F @I,

where k] = 6k, and 0 < k], < 1 such that \/K_;Ilﬁo‘lf(u)ll <1 LetO <6< 1and
define P,Q,S,T,U : B,(uy) = X by

T(u) = P(u) + S (w),
Fh(S () = ~F (P(u)) + R(P(u)),

Pw) = (1 —0)u+60), 3.1
QW) = u+ Uu),

FUUW) = ~F () + R (u),

for all u € B,(up). Then for all u € B,(ugy) with T (u), P(u) € B.(uy), we obtain

[u—uol|

@ N7 Tl < 1+ [ Loyas,
b) T F @l < i [ wat™ N L@T () ~ PGy

+ i NF e ' F (PP,

P(u)
1
© IF FRTwl < [ [
+ 82K |F o ' F )l
Furthermore, if Tu"l exists for some u € B,(u), then

() (1P@) = ull < (1 + KDIF F)~ T F @l

{lu—uio|[+VI|P(u)—ull

LOIPw) —ulldédy + (1 = OIF; ' F Wl

Proor. : (a) For u € B,(uy), we have
{lee—ueoll
IF ' Full = 1+ Fo (Ft = Full < 1+ IF (Fr = Fudll < 1+ f Lo(6)do.
0

(b) Using (1.8) and (3.1), we have

IF ey ' F (T @)l

F, NF(T (W) - F(Pw) - Fpn(S ) + R(P(w)))l|

IF e (F (T () = F(P@)) = F i (T(w) = P(w) + RP@)))|

IA

1
f “?'MIO_I(T}I’(MHV(T(M)_P(M)) - ?'}/r(u))”dVHT(”) - Pl + ”?'MIO_IR(P(M))“
0

IA

1 AlIPGO=uo4VIT (0~PG)| 1 ,
f f LOIT (w) — Pwldodv + &, IF,~ F (P)Il”.
0 JiPa-ul
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(c) Again using (1.8) and (3.1), we have
IF s ' F (P = IFrs (F (Pw)) = F () = F U (u) + R' ()|
= |Fu (F(P@) = F () = F(Qu) — u) + R' W)l
= |IFw (F(Pw) = F(u) - Fl (P(u) — u) = F(Qu) = P(w)) + R (w))|

1
= IFy fo (Frparn — F)P) = w)dv + (1 = 8YF (u) + 6R ()|

IA

1
f 1T Friprn = FNYIIP@) = ull + (1 = SIFL F @l + SIF, R @l
0

IA

1 {ee—uo||+ V|| P(u)—ul|
f f LO)IP) - ullddy + (1 - SIFL F )l + oI F ol
0 I

u—uol|

1 {ee—uo||+VIIP(u)—ul|
f f LOYIPw) - uldbdy + (1 - HIFL F @l + I F ).
0 I

u—uo||

(d) Let u € B,(up) be such that F,~! exists, then

IP) = ull = 6l1Q@) - ul
= GIF (Fw - R W)l
< OIF ' F T F @l + 11, 'R wll)
< SIF FDTINFL F @l + NF o F @)
= 61+ RDIF F IF F @l
This completes the proof of proposition. O

Lemma 3.2. Let D be a nonempty open convex subset of a Banach space X, Y be
another Banach space and ug € D. Let ¥ : D — Y be a NFDO such that ¥,
exists. Suppose all the conditions of Lemma 2.2, (Cy), (C3), (1.6)-(1.8) hold and we
also suppose that the following assumptions hold:

(C3) IF ;' F (o)l = B for some B > 0;
(Ca) NlIF ' F (uo)ll < 15
ka(1+ [} Lo(®)de)’

(Cs) a=1+\/;,T=aﬂ,0'=W.

Then the sequence {u,} defined by SIP of INM (1.5) is well defined on B,[uy] and for
each n € N the following assertions hold:

@ alF Tl < fo ==l alFn Fwall < flew,) =,

Vn—Wp—1 Vn—Wn-1

() VKIF T Fudll < 1, VellF ' Fwll < 1

© I = tall < 2222, = ey and ity = | < 22
where {w,} and {v,} are real sequences defined by (2.4).

”u}’l - Wn—l”’

Proor. Set ups1 = T(m),wm = Plw),rm = Rww), 1y, = R'(un),k, = k, and

Ky = K, ,m € No. We will prove this Lemma by mathematical induction method

and it will be complete in the following steps.
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Step I Here we will prove that (a)-(c) hold for n = 1.
Using (2.4) and (1.5), we have

[lvo — uoll

= N F ' (=F (o) + )l
IF F (o)l + 1F |
IF F (ol + VKIF o F (o)l
(1 + VOIF i F (uo)

A0

= (I+VkB=1=-"—=pp—v
g (v)

IN A

and |[wg — ug|| = dllvo — uoll < (o — vo) = wo — Vo = wo. Using Proposition 3.1, one

can easily observe that

(1 + VRIF ' Fwo)ll

IA

IA

IA

IA

IA

1 VIwo—uol|
(1+ \/7<)( fo fo Lo(®)lwo — uolld6dy

(1 = Ol F o)l + 817, 7l
L pviiwo—uoll
a f f Lo®)llwo - uolldédy + (1 - 6)ap + 6 Vkap
0 0

]

al (wo — VILWdv + (1 — 6)aB + 6° ka3
a Owo(wo — VLW + (1 — 8)aB + ad*kB>
aB — 6ap + as* kB> + a fo wo(wo —v)L(v)dv
T—wy+as* kB +a fo wo(wo —V)L(v)dv

T—wy+ 0w} +a fw O(wo —WLWdv = f(wo). (3.2)
0

Since f is decreasing on [0, w]. Therefore,

VKT

f(@o) < f(vo) and VlIF, ' F (wo)ll < = BVk < VIF ' Fwolll < 1.

1+ vk

From Lemma 2.6, (1.5) and (3.2), we have

llzer — woll

IA

| = F (F (wo) = ro)ll

I(F o ) I F woll + 1F5 ol
1

g (wo)

U+ VROIFF ool fwo) _

g (wo) T g(wy)

(IF ' F woll + VRIF F (wo)ll)

V1 — Wo.
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From Proposition 3.1, we have

1 {lwo—uto||+Viluy —wol|
IF F < f f LO)lluy — wolld6d + kI T, F (wo)ll,
0 Ji

wo—uol|
(3.3)
{lwo—uoll r
[F  Frll < 1+ f Ly(0)do < 1+ f Lo(6)d6. (3.4)
0 0
From Algorithm 1.1, we have
IF oy = wolll = ' F(wo) = Fr ol
> NF F woll - 17 roll
> (F ' Fwoll = VKIF ' F wo)ll
= (1= NIF, ' Fwoll.
Which implies that
,_ I1F o Fr ol = woll 1+ [ Lo(6)de
IF ' F (wo)ll < —2—=2 < —2 lluy = woll. — (3.5)

1 -k - 1- +k
From (3.3), (3.4) and (3.5), we get

| 1 {lwo—uoll+vllus —woll
1+ VOIF ' Fwl < a f f L@l — wolldody
0 Jlwo—uoll
.
(1+ [ Lo(0)do) | °
+ ak Uy —w
(1-vo2r
1 wo—Vo+v(V1—wy)
< [af f L(O)(vi — wp)dbdy
0 wo—Vo
" 2
(1+ f; Lot0)do) _— et = woll
K Vi —wp) | ——————
-0 7 v —w
V] —Wo —
< [af (v1 — wo — vV)L(wy + v)dv + o(vy — wo)z] M
0 V1 — Wy
Uy —w
< f(v1)|| 1 0||_
V1 — Wy

One can easily prove that \//_<||?-'u'0‘ 'F(uy)|| < 1. Using (2.4) and Proposition 3.1, we
have

A

oy =l < 60+ VOIFL Fo ) IFL T w)l

SO lluy =woll w1 —n
-0 = lleey — woll.
gv) vi—wy  vi—wo
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Step II In this step, we will prove that (a)-(c) hold for all n € N.
Let k > 1 be an integer and suppose that the following hold forn =1,2,3,--- ,k

alFy ' F ()l < gy Lzl

Vli—l —Wi-2

allFu ' F i)l < flwe) g,
VRIF ' F ol < 1, VKIFo ' F )l < 1,
_ Wi—1— Vi1 _ _ Vi~ Wk-1 _
Wit — |l < TEZ= g1 = wieally - Mo = will < == M- W/<—2||(-3 6

Using Proposition 3.1, we have

. 1 [IWi—1=uoll+Vilugk—wi-1ll . 5
W F ol < f f Lty — wirlld6dy + K, IFL F v DI
0 ||

Wi—1 =gl
3.7
{lwi—1—=uol| r

| F For, I < 1+ f Lo(0)do < 1 + f Lo(6)do. (3.8)

0 0
From Algorithm 1.1, we have
IFu o e = wieDl = IF  F i) = Fo el

> |[F ' F DIl = 1 ricall
> IF F ool = VRIFL F ol
= (= VolF " Fwpll. (3.9)

From (3.8) and (3.9), we have
I Pyl it = wicall 1+ J; Lo®)de

1- +k B 1- Kk
From Lemma 2.2, (3.7) and (3.10), we have

||7‘~,,'0_17"(Wk—1)|| < llug — wiall.  (3.10)

. L pllwie-r —uoll+vllug—wi—1 |l
(I + VOIF, ' Full < af f L(O)||lux — wi—11ldOdv
0 Jllwg—1—uoll
r 2

(1 + [ Lo(0)do) | ’

+ ak Up — Wig—

a-ver
<

1 k1Yo +V(Vk—Wi-1)
[a f fw L(O)(vi — wy_1)dOdv
0 Jw-1-v

(1+ f Lot0)d6)

U — Wy—
L (Vk_wk_l)z}nk el

Vi — Wk-1

(1= V)

Vi~ Wg-1
< [af (Vi — wp—1 — v)L(wy—1 +v)dv
0
o Mg — witll
+ ok — wi-1) ]—
Vi — Wg-1

2tz — w1l
Vi — Wg-1

IA

S (3.11)
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Now from Lemma 2.2 and (3.11), we have

Iwe = well < 6(1+ VOUF e ' Fu) ™ N IFy F ol
SO N = will
8'Vi) vk — w1
Wi

-V,
= T g = will. (3.12)
Vi — Wg-1

Again from Proposition 3.1, we have

| L pllue—uoll+viiwg—ull
IFu Fwoll < f f L(O)lIwk — uilldOdy
0 Jllue=uoll
1 Iwi—1 =utoll+ vl —wi1 |l
+ (1- 6)f f L(O)|lugx — wi—1||dOdv
0 Jliwg—1—uoll
+ (1=K T F DI + ST FalP (3.13)
and
{lee—uol| r
IIﬂ’glﬂkll <1 +f Lo(0)do < 1 +f Lo(6)do. (3.14)
0 0
From Algorithm 1.1, we get
IF  Fre Ve = wll = N F F i) = Fooe 'l
> |[F F ol - I1F, 7l
> (1- VOlIF, ' Full. (3.15)

From (3.14) and (3.15), we have

Iy Tl v = well 1+ I5 Lo(@)de
1- vk B 1 -k

From Lemma 2.2, (3.10), (3.12), (3.13) and (3.16), one can easily observe that

IF s ' F ()l < Vi = ull. (3.16)

1 {lotg—uoll+viIwi—uugl|
(1L + VOIF ' Fwoll < (1 + Vi) [f L(O)llwi — uilldodv
0 Jlug—uoll
1 {[Wi—1 —tto|+Vllug—wi1]l
+ (- 5)f f LO)llux — wi—11ldOdy
0 Jwg—1—uoll
T 2 2 s 2 2
0os (1+ Jy Lo@)d0) llu = wirlP (1+ [ Lo(@)d6) [Ivi = e
+ - )k + 6%
(1= Vi (1= kP
1 {loex—uoll+VIIwi—ull _
= f f L)y — vidody =4l
0 Jlug—uoll W — Vi
1 {[wi—1 —tto|+Vllux—wi1l
+ (1- 6)af f L(O)||lux — wi_1/|d0dv
0 Jlwg—1—uoll
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(1 + for L0(9)d9)2 Nl = w1 (1 + for Lo(H)d9)2 i — el

1 -90)ka + ka
( ) (1 - vk)? (1= Vk)?
1 {lot—uo I+ Iwi—ag || 1 _
af f L(6)(wy — vy)dbdy Ok~ Y [letx = w1l
0 Jllug—uoll Wi — Vi Vi — Wk-1
1 {[Wi—1—to[+Vllug—wi1l
(1I- 5)le f LO)lux — wi11ldOdv
0 Jlwi-1-uoll
r 2 b r 2 2
’ _6)m(1 + Ji Lo(@)do)” llu — wi +Ka(l + [ Lo(0)d0) (@i = i) g — wy
(1 = Vk)? (1 = ~k)? Vi = Wi-1
1 Vi—Vo+V(Wwr—vi) _
[a f f L)@y — v)dedy =l
0 Vi—Vo Vk - wk—l
I pwp-1—vo+v(vi—wi-1) g — wi—i |
(1- 6)(1[ f L(O)(vi — wi—1)dOdy ——
0 Wi—-1—Vo Vi — Wg-1
r 2
(1 b LO(Q)dG) R |
(1 —9d)ka
(1 - k) Vi = Wk-1
T 2 2
(1+ Jy Lo(@)d)” @i = v)” g = wy
Ka
(1 - +k)? Vi — W1

1 Vie—Vo+V(Wr—Vi)
[a f f L(0)(wi — vi)dOdy
0 Vi—Vo

1 W1 —Vo+V(Vk—wWi-1)
(1- 5)af f L(O) (v — wi—1)dOdv
0 )

k—1—Y0

(1+ f Lo(®)d6)” (v - w1 ?

(1 —d)ka

(1 - vkp?
(14 20@)d8)” @ = v0* | oy = wi
“ (1= V&7 ——

[ W —Vk Vi —Wk-1
af (wr = v = V)L(vg + v)dv + a(1l - 8) f (Vi — wi—1 — v)L(wi—1 + v)dv
L 0 0

(1= 8)a(vk — w1)* + 6o (wy — yk)z] M
Vi — Wi-1
Wi —Vik i
af (Wi — Vi = V)L + v)dv + (1 = 8) f(v) + 60 (i — vk)z] i = wiall
| Jo ot
f(wk)w. (3.17)

Vi — Wg-1



Convergence of S-iteration process of inexact Newton method 29

Since f is monotonically decreasing on [0, s]. Therefore,

flwi) < f(vo) and VKIF, ' F(woll < n ff/; =Bk < VKIF ' F(wo)ll < 1.

Using Lemma 2.2 and (3.17), we get
lwerr —well - < (1 + VOUF For) HIF o F ol

Slw) Nlue = wicall— vier —
- = et — wi—1ll.
Sw) vi—wr1 Ve — Wi
Thus (3.6) hold for n = k + 1. Therefore, by the method of mathematical induction
(3.6) is true for each n € Ny. Hence (a)-(c) are hold for each n € N. This completes
the proof of Theorem. O

THEOREM 3.3. Assume that all the conditions of Lemma 3.2 hold and let T <
min{#,bw} and B,[uy] € B,(up). Then the sequence {u,} defined by SIP of INM
(1.5) is well defined, remains in B,-[ug] and converges to the solution u* € B,-[ug] of
operator equation F (u) = 0. Moreover,

”un+l - un” S Vntl = Vn and Hu* - un” <V - Vn for alln € NOa
where the sequence {v,} is real and defined by (2.4).

Proor. The condition 7 < min{#, b} implies that the Lemma 2.1 and Lemma 2.2 are
applicable. In Lemma 3.2, we have already proved that the sequence {u,} defined by

(1.5) is well defined and
VKIF F (Il < 1 for all n € N,

Using Lemma 3.2, we have

||un+1 - un” < ”un+l - Wn” + ”Wn - un”

Vil — W, wy —V

< u”un - Wn—l“ + - - “”n - Wn—l”
Vn — Wp-1 n — Wp-1
Vnel — Wn Wp = Vp

= [ + }”un_wnl”
Vn — Wp-1 Vn — Wp-1
Vntl —

Vv,
= "y — wy_ill € Vps1 — vy forall n € N.
Vp — Wp-1

Now, for all m,n € Ny, one can easily prove that

m+n—1
ltmen = uall < > lttisr = tll < Vinen = Vi (3.18)
i=1
But the real sequence {v,} is convergent and converges to v*. Therefore, the sequence
{u,} is a Cauchy sequence and converges to some point #*. Taking limit m — oo in
(3.18), we obtain
[l — u,|| < v* — v, for all n € Ny. (3.19)
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Taking n = 0 in both (3.18) and (3.19), we have
b — uoll < vip < V" and |lu™ — ugl| < v".

This shows that real sequence {v,} is a majorizing sequence of sequence {u,}. In view
of Lemma 2.4, we conclude that {u,} converges to u* € B,[ug]. O

In the special case when we take xk = 0, then 7 = 5,a = 1 and o = 0 and Theorem
3.3 reduces to the following related result of SIP of Newton-type method:

CoRroLLARY 3.4. Let X and Y be two Banach spaces and D a nonempty open convex
subset of X. Let ¥ : D — Y be a NFDO such that 7:,4’0_1 exists for some uy € D. Assume
that the assumptions (Cy), (C2), (C3) and (1.8) hold. If B < w — fow L(0)(w — 6)d6 and
w satisfying fow L(6)dO8 < 1 and B,-[ug] € B, (uy), where v* is the solution of equation
fov L(O)(v — 0)d0 — v + B = 0. Then the sequence {u,} defined by SIP of Newton-type
method.:

Fy Uns1 = Wn) = =F (W),

w, = (1 = Ou, + ov,, (3.20)

ﬁn(v’l = Up) = _7:(””),
for all n € Ny, where 6 € (0, 1) is well defined, remains in B,-[uy] and converges to the
solution of operator equation ¥ (u) = 0. Moreover,

||un+1 - un” < Vntl = Vn and ”M* - un” < v — Vn

for each n € Ny, where {v,} is the real sequence defined by (2.4).

Proor. The proof of above corollary follows from proof of the Theorem 3.3. O

If we take L and Ly are positive constant such that Ly < L and x = 0, then
2 2
a=1,7t=60=0,fv) = LTV —-v+pBand g(v) = L"TV — v + B and Theorem 3.3
reduces to the following corollary:

CoROLLARY 3.5. Let X and Y be two Banach spaces and D a nonempty open convex
subset of X. Let ¥ : D — Y be a NFDO such that 7-',4’0‘1 exists for some uy € D.
Suppose that the assumption (C3) holds and F satisfies the following conditions:

(Co) 1Fu " (Fut = Full < Lollu — uoll for all u € D;
(C) Fi " (Fy = FOI < Lllu = vl for all u,v € D;

(Cs) h=pL<jandv =1=2p.

Then, the sequence {u,} defined by (3.20) is well defined, remains in B,[uy] and
converges to the solution of operator equation ¥ (u) = 0. Moreover,

ttns1 = tnll < Vis1 = v and |lu” — u,|l < v = v,
for each n € Ny, where {v,} is the real sequence defined by (2.4).

Proor. The proof of above corollary follows from proof of the Theorem 3.3. |
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4. Semilocal convergence of Algorithm 1.1 under y-LC

In this section, we discuss the convergence analysis of our Algorithm 1.1 under
y-LC. Let y, 7 and a be positive real numbers. The function f, : [0, %) — R defined by
ayv?
1—9yv

HFm=1t-v+ “.1)
was first introduced by Wang [4, 5] for ¢ = 1 and it was also used by Shen and Li
[24, 25], Argyros et al. [37] and V. K. Singh [26, 27] as the majorizing function for
the convergence analysis of their respective algorithms.

Define two functions L : [0, %) — Rand Ly : [0, ylo) — Rby

2
L) = ﬁ 4.2)
_ 2yo
L) = s 43)

where y and 7y are two positive real numbers such that yy < y. One can easily observe
that Lo(v) < L(») for each v € [0, 7).

Taking o = 0 and above Ly(v) and L(v) in Lemma 2.1 and Lemma 2.2, we obtain
the following result:

Lemma 4.1. Let y,vo,7 and a be the positive real numbers and f, be a real valued
function defined by (4.1). Let g, : [0, 7—10) — R be a real valued function defined by

2

ayov
g’}/o(v) =T—V+ m (44)
If
Ty <1+ 2a-2+/a(l + a). 4.5)

Then, we have the following assertions:

. / _ . % _ a |1 - 1
(a) Equation fy(v) = 0 has only one solution r* = (1 — \/m); in [0, ;)
(b) Egquation f,(v) = 0 has two real roots

. l+1y— U +1y)2 —41y(1 +a)
v = a

21+ ayy nd

Lty + V(L +1y)2 —dry(l +a)
B 2(1 + a)y

V**

with t < v* < r* <vy*,
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(c) Sequence {v,} defined by

vy =0,
_ Sy (V)
/1’1 - Vl'l - g/yyo(vn),
wy = (1 =06)v, + Olns

Vpel = Wy — gj;yo((‘:;’n)) forall n € Ny,

(4.6)

where 6 € (0, 1) is non-decreasing and converges to v*.

Lemma 4.2. Let {v,} and {w,} be the real sequences defined by (4.6) and condition
(4.5) hold. Then, we have the following assertions:

*
v, -V, -1 v, - W, -1 vV =V -1
M < azn M < azn and —n < azn

= s = = s

Vn = Wp-1 Vn = Wn-1 V' — Wy
where v* is the solution of f.(v) = 0 and
1 -7y - (1 +71y2—d1y(1 +a)
a= .
1 -7y + (1 +71y2 —d7y(1 +a)
Proor. The proof of Lemma 4.2 follows from [25, Lemma 2.3] m]

Derinition 4.3. [27] Let X and Y be two Banach spaces, D a nonempty open convex
subset of X with up € D and let ¥ : D — Y be a NFDO such that F ,’4("1 exists. Let
y>0and 0 <r< % be such that B,(1p) C D and L is defined by (4.2). The operator
F is said to satisfy the y-LC if

o(u,v)

|F (F = FIl < f L()dé for each u € B.(ug) and v € B,_puyluol, (4.7)
p(u)

where p(u) = llu — ugll and p(u, v) = p(u) + [Iv — ull < 1.

LemMmA 4.4. Let X and Y be two Banach spaces, D a nonempty open convex subset of
X with uy € D and let ¥ : D — Y be a NFDO such that 7‘:,’0_1 exists. Let yy be a

.. _ _ a 1
positive real number and r = (1 m)m be such that B,(uy) C D. Assume that L

same as in (4.3) and condition (Cy) holds. Then for all x € B,(uy), we have
1 -1 1
177 ol S(Z——) S0,
0 (1 = yollx = uol)? 87, (lx = uoll)

where g, is defined by (4.4).
Proor. The proof of Lemma 4.4 follows from Lemma 2.6. o

Lemma 4.5. Let X and Y be two Banach spaces, D a nonempty open convex subset of
X with ug € D and let ¥ : D — Y be a NFDO such that F,; " exists. Assume that
F satisfies (1.6), (1.7) and y-LC (4.7). We also assume that all the assumptions of
Lemma 4.4 and Lemma 4.5 hold. Suppose that the assumptions (C3) and (Cy4) hold



Convergence of S-iteration process of inexact Newton method 33

on B(ug) CD,0<r<z: Lett=(1+kBanda =1+ +k+ ‘F(f“}‘)?. Then
the sequence {u,} defined by Algorithm 1.1 is well defined. Moreover, the following

assertions hold:
1=l 1.
@ IF, Full < ~gon

b)  (1+ VOIF, ' Funll < fyv) ezl (1 + ViIF Fwall < fy(w,) ==l
©  VKIF F )l < 1;

(@) I = ttall < 220ty = il Nttt = gl < 2252 g, =

where {v,,} and {w,} are real sequences defined by (4.6).

THEOREM 4.6. Assume that all the conditions of Lemma 4.5 hold and

,B<min{ 1 1+2a—2\/a(1+a)}

Ve (L + R

Then the sequence {u,} defined by Algorithm 1.1 is well defined, remains in B,-[ug]
and converges to the solution u* € B,:[ug] of ¥ (x) = 0. Moreover, the following error
estimates hold:

-1
@ Ntner = ull < @ ity = Wi |l;

n—l
(b)  Metpsr —wpll < CX oy, — wpill;

© " = uall < Elluy = woll

1— 02"

Proor. The proof of the Theorem 4.6 follows from the proof of Theorem 3.3 and
Lemma 4.2. O

CoroLLARY 4.7. Let X and Y be two Banach spaces, D a nonempty open convex subset
of X with uy € D and let F : D — Y be a NFDO such that F," exists. Assume that
F satisfies the y-LC (4.7). We also suppose that a = 1, T = 8 and all the assumptions
of Lemma 4.2 and 4.4 hold. Then the sequence {u,} defined by (3.20) is well defined
remains in B,-[uy] and converges to the solution u* € B,[ug] of ¥ (x) = 0. Moreover
the following assertions hold:

() ”7:”/0 17:un|| < fy(vn)”u” Wil ||7:u/0 17:Wn“ < fy(wn)”u" Wy l”,

—Wy—1 Vp—Wp-1
®)  itpsr — unll < @ 1IILtn Wo—tll;
.
©)  Metgsr = wall < " Nty — Wy lly
!Z

(@ Ml = unll < =l = woll.

T=a?"

Proor. The proof of this Corollary follows from proof of the Theorem 4.6. ]

ReMark 4.8. The result [36, Corollary 4.1] deals with the convergence analysis of
SIP of Newton-like for approximate solution of m (m > 3) times continuously NFDO
equation. Our result deals with the approximate solution of only one time NFDO
equation in the context of SIP of inexact Newton-like method.

Author contributions: All authors have contributed equally to this article.
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