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1. Introduction

This article assumes that H is a real Hilbert space with norm ||.|| and inner product (., .). The symbol
N stands for the set of all natural numbers. Let E be a closed convex subset (CCS) of H that is not
empty. The variational inequality problem (VIP) for mapping A : E — H is formulated as

tofind u* € E suchthat (Au*,u —u*) >0 foreach u €E. (1)
The VIP solution set is represented by 4, i.e.
Qp={u*€eE: (Au*,u — u*) > 0 for each u € E}.
Assume a mapping R : E — E. The notation Fix(R) represents the set of FPs of R, i.e.
Fix(R) = {u € E: u = R(p)}.

One of the core issues in optimization theory is figuring out how to solve VIP. In recent years,
academics have typically employed two methods: one is the projection method and another is the
regularized method to solve the monotone variational inequality (MVI) problem under suitable cir-
cumstances. Applications for these MVI are numerous and include resource allocation, network
equilibrium flow, picture restoration, optimal control, signal processing, engineering design opti-
mization difficulties and more [24,38,39,41]. Numerous approaches to solve the VIP have been
researched recently.
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In 2000, Maudafi [25] introduced a viscosity approximation method (VAM) for solving the VIP
in H. Let us consider the following VIP:

tofind u* € Fix(R) suchthat ((I— ®)(u*),u — u*) >0 forall u € Fix(R), (2)
where R is an NE mapping and © is a contraction mapping. To solve the VIP (2), the VAM was given
as follows:

U1 € E,

Sj 1 . (3)
i = ®(u;) + ——R(u;) foralljeN,
Hj+1 1+ (ﬂ]) 1+ (ﬂ]) J

where the sequence {¢;} in (0, 1) satisfies the criteria mentioned below:

(i) limjseo¢j=0and Zfil ¢j = 00;

.. . 1 1 _

(ii) hmj_mo(g—j — é‘ji) =0.

Moudafi [25] proved the sequence {u;} created by (3) converges to the solution u* € Fix(R)
strongly of the VIP (2). In 2004, Xu [43] introduced an iteration method to obtain the solution of
VIP and FPs of an NE function defined as follows:

[/‘1 sk, (4)
Hir1 = ¢jO(uj) + (1 —cpR(yj), jeN,

where the sequence {¢;} in (0, 1) satisfies the criteria mentioned below:

i) ¢ — 0,22, ¢ = oo |

(ii) Z}'il [gj+1 — gjl < o0 or limj; oo gg—J;l =1

Furthermore, it was demonstrated that {;} produced by (4) converges to the one and only solu-
tion u* € Fix(R) strongly of the VIP (2). Several researchers presented many iterative techniques
for identifying the CE of the set of operator’s FPs and the solutions set of VIP and discussed their
convergence analysis. In this sequel, Takahashi et al. [37] presented an iteration procedure as follows:

{#1 €E,

. 5
Hi+1 = Gjij+ (1 — ¢))RP(uj — 2jAp;) forallje N, ©)

where R : E — E is the NE operator, Pg is the metric projection mapping and A is the inverse
strongly-monotone (ISM) operator and weak convergence of (5) was established under some mod-
est conditions. Inspired by Takahashi et al. study [37], liduka and Takahashi [16] introduced a new
iterative method:

ek (6)
Mj+1 = Gjpt1 + (1 — ¢))RPE(uj — AjAp)) forallj e N,

where A : E — Histhe a-ISM mapping, R : E — Eis the NE operator, the sequence {¢;} in [0, 1), and
the sequence {/;} in [a, b] for some a, b with 0 < a < b < 2a and demonstrated strong convergence
of (6). In [9], Chen et al. introduced a VAM:

[‘“ <b %
#ir1 = 5O (uj) + (1 — ¢))RPs(uj — AjAp)) foralljeN,

where R : E — Eisan NE mapping and ® : E — Eis a contraction mapping. They also discussed its
strong convergence analysis under suitable conditions.
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Sahu et al. presented an iterative method in [32] for identifying the CE of the set of FPs of an
operator and the set of solutions to the VIPs given as follows. For any u; € E,

#j+1 = 0jSPE(uj — sjAuj) + (1 — 0j)SPE(vj — tjBvj); )
vj = GjO®(uj) + (1 —¢j)u; foralljeN,

where S : E — EistheNE, © : E — Eisacontraction mappingand A, B : E — H are two ISM map-
pings. Under suitable conditions of iteration parameters {¢;}, {g;}, {s;j} and {t;}, they established the
strong convergence of algorithm (8).

On the other hand, the S-iteration technique, which is an FP iterative technique was presented by
Agarwal et al. [1] in 2007 for computing the FPs of nonlinear operators. The process is defined as
follows: for any y; € E,

[ﬂj+1 = (1 = ¢)R(u;) + ¢jR());

; 9
vi=(1-0)uj+ojR(u), jeN, ©

where the sequences {¢;} and {g;} are in (0,1), R: E — Eis an operator and E is a CCS of a Banach
space. Further, many authors extended several varieties of S-iteration methods in different spaces
[2,14,15,17-21,30,31,36,44].
In 2010, Sahu [31] proposed a new technique which is called Halpern S-iteration method (HSIM)
given as follows. For any u; € E,
[Vj = (1 —gjuj+ gjus; (10)
i1 = (1 = 0p)R(g)) + gjR(vj) forallje N,

where u € E and the sequences {¢;}, {;} are in (0, 1) satisfying the criteria mentioned below:

oo

D) e 0 — S i

() = 0, > goj=00, 25 > 1, 7% = 1
=

He demonstrated the proposed algorithm’s strong convergence (10).

In [29], Qin et al. inspired by work of Kim et al. [22] and Qin et al. [28] proposed the new iteration
process and under some moderate circumstances they proved that strong convergence of proposed
algorithm, given as follows. For any u; € E,

[Vj = 0;S(1j) + (1 — gj)R(u;)s (11)
#j+1 = g]u-i- (1 - Q])UJ .] € N’

where the sequences {¢;} and {g;} are in (0, 1) such that

@) ¢j— 0,01 > 0€(0,1);
(ii) Z;il Gj = OG0
(i) 257 Igj+1 — gjl < 003
(iv) 22 lgj+1 — gjl < oo.

Common FPs of two operators can be computed thanks to an iterative technique called S-iteration
of rank 3, which was recently introduced by Sahu et al. [33]. Under moderate iteration parame-
ter conditions, they demonstrated the suggested algorithm’s weak convergence. They offered a few
innovative ways to locate the zero of accretive operators, convex programming problems and split
feasibility problems.
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However, Polyak [27] initially suggested the heavy ball approach of the two-order temporal
dynamical system to speed up the convergence rate of algorithms for minimizing a smooth con-
vex function. In further efforts to enhance the convergence rate of heavy ball method, Nesterov [26]
presented a modified heavy ball method. For any x9, u1 € H,

[Vj = pj + 0j(uj — wj-1);
Hjg1 =Vj — i]Vf(U]), ] >1,

where {4;} is a positive sequence of real numbers and ¢; € [0, 1) is an extrapolation factor. Alvarez
and Attouch [4] presented the inertial proximal point algorithm in 2001 as a method for utilizing the
proximal point algorithm to get the zero point of a maximum monotone operator.

In [23], Maingé applied the inertial technique to the Mann iteration process and presented an
inertial Mann iteration (IMI) {#;} for evaluating the FPP of NE mappings in H, which is defined as
follows. For any uo, 11 € H,

Vi = pj + 6;(uj — pj-1);

. 12
Uit =i+ gi(Rv) —vy), j>1, (12)

where R is the NE mapping on H, 6 € [0,1), 6; € [0,0) and ¢; € (0,1). In the following situations,
the author demonstrated that the sequence {;} converges weakly to an FP of R::

B X2 0illuj — pj—1l? < oo
(i) 0 < infgj <supgj < 1forallj > 1.

The classical IMI process was presented by Bot et al. in [7]. They replaced the Maingé [23] criteria
with alternative ones and demonstrated the weak convergence of the classical IMI. Dong et al. [13]
developed the general IMI with additional criteria and demonstrated the weak convergence of the
suggested algorithm, further relaxing the conditions of Maingé [23] and Bot et al. [7]. Additionally,
the IMI approach (12) for computing the FPs of R with affine domain in 7 was examined for weak
convergence by Sahu [34]. The recent results on inertial techniques have been studied by several
researchers [11-13,35,40].

Many authors introduced different methods to find the common solution of FPP and VIP
[16,32,37,38]. Inspired by these works we introduce a novel method to find the common solution
of a pair of VIPs. For finding the common solution (CS) of a pair of VIP is formulated as

tofind u* € E suchthat u* e QaNQp=2Q,

where A, B : E — 'H are two mappings.
Raising the following question is ordinary.

Question 1.1: Is it possible to develop a novel iteration process for finding the CS of a pair of VIP?

Inspired and based on works of Sahu et al. [31-34], Qin et al. [29], Chen et al. [9] and Bot et al.
[7], we propose a novel inertial-viscosity approximation technique for finding the CE of solution sets
of two variational inequality problems. The aim of this paper is to investigate the common FP of two
NE mappings. Then we apply our result for finding the CS of a pair of VIP. Our result is improvement
over the well-established results of Qin et al. [29, Theorem 2.1] and Sahu [31, Theorem 5.4]. Under
certain mild conditions, we prove that the sequence {x;} produced by the proposed algorithm con-
verge strongly to a CE of FP sets of operators S and R, which is unique solution of VIP (2). Our result
provides affirmative answer of Question 1.1.

The structure of this paper is as follows: we included certain fundamental concepts and lemmas in
Section 2 that are used to analyse our findings. We describe an approach for approximating inertial
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viscosity and its convergence theory in Section 3. With the use of a table and figures, we compare our
findings and provide some numerical examples in Section 4. In Section 5, we finally concluded up
our results.

2. Preliminaries

The strong (or weak) convergence of a sequence {u;} to u will be denoted by u; — u (or
mu; — p). Let Ebeanonempty subset of 7, R, S : E — Eare two mappingsand I' = Fix(S) N Fix(R)
denote the set of common FPs of mappings R and S. A mapping R : E — E is called:

(i) nonexpansive if
[R(w) = RO <l —vIl Y u,veE
(i) monotone if
(Ru—Tv,u —v) >0 Vu,v ek

(iii) #-strongly monotone if
(Ri — Rv, 1 =) > il = v|* ¥ u,v € E;

for some 77 > 0
(iv) a-ISM

(Ru —Rv,u —v) > al|lRu — Rv|? forall u,v € E
for some a > 0.
The mapping ® : E — E is called x-contraction if
1O (1) — O©W)I| < kllu —vl| foreach u,v € E,

where x € [0, 1). Let E be a nonempty CCS of H. Then, for any x4 € H, there exists a unique nearest
point Pg(u) of E such that

lu = Pe()ll < llu —v]| forallv e E.

The metric projection from H onto E is the mapping Pg. Keep in mind that, according to [31], the
metric projection mapping Pg is NE from H onto E.

Lemma 2.1 ([31]): Let E be a nonempty CCS of H. Given u € ‘H and w € E. Then = Pp(u) &
(4 —w,0 —v) > 0foreachv € E.

Lemma 2.2 ([42, Lemma 2.1]): Let {¢;} and {o;} be two sequences of real numbers such that:

(i) {sj} C 0,11 and 372, cj = oo or equivalently [[2,(1 — ¢j) = 0,
(i) limsup;_, ., 0j < 0or

(iii) Z]io gjoj is convergent.
If {sj} is a sequence of real numbers that are not negative such that
sier < (L=gj)sj+ gjoj Vj=0.

Then limj_, o0 5j = 0.
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Lemma 2.3 ([8]): Let H be an inner product space, then
I+ V1P < Il + 200, 1 +v) Vv e H.

Lemma 2.4 ([6]): Let E be a nonempty CCS of H and R : E — 'H be an NE mapping. Let {u;} be a
sequence in Eand p € 'H such that uj — u and pj — R(uj) — 0asj — oo. Then u € Fix(R) = {w €
E: R(w) = w}.

Lemma 2.5 ([6]): Let H be a real Hilbert space. Let u,v € H and t € R. Then
It + (1= Dv* = tlal® + @ = lv|* =t = g = v
Lemma 2.6 ([10]): Let A be a bounded linear operator from 'H into itself with the adjoint A* and
let b € H. Let E be a nonempty CCS of H. Let € H and y € (0, 00). Then the following claims are
interchangeable:
(i) The following problem is resolved by w:

1
in—||Au — b|>.
r;leuElzll/x l

(i) @ = Pg(w — y A*(Aw — b)).
(iii) (Av —Aw,b—Aw) < 0forallv € E.

Lemma 2.7 ([3, Theorem 5.3.1]): Let E be a nonempty CCS of H and A : ' H — H be a given operator.
Then the following claims are interchangeable:

(@) u* e Qy,
(b) u* € Fix(Pg(I — AA)) for any . > 0.

3. Main results

Algorithm 1

Let E be a nonempty closed affine subset of H and let R, S : E — E be two NE mappings such that
I' := Fix(S) N Fix(R) # @. Assume that ® : E — E is a x-contraction mapping.

Initialization: Select arbitrary starting points uo, u1 € E and setj = 1.

Iterative step: Given the current iterates ;1 and uj, for j > 1 calculate the next iteration as follows:

vi = uj+0;(uj — wj-1)
wj = ng)(v]-) + (1 - gj)v]‘, (13)
ti+1 = 0jS(vj) + (1 — 0p)R(@)), jeN,

where {¢;}, {¢;} and {0;} are real sequences which fulfils the requirements:

(X1) {gj} € (0,1) forallj € N, limj, o ¢j =0, Zfil ¢j = oo and g% -1

(L2) 0<a§gj§b<1,jeNand%—>0,

0.
(A3) g—j||,uj—,uj_1|| — 0asn — oo, 0] €[0,0],0<60 < 1.
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Theorem 3.1: Let E be a nonempty closed affine subset of H and let R, S : E — 'H be two NE mappings
such that T" := Fix(S) N Fix(R) # @. Let ® : E — E be a x-contraction and {¢;}, {0}, {0;} are real
sequences which fulfils the requirements (A1), (A2) and (A3). Then the sequence {u;} produced by
Algorithm 3.1 converges to the unique solution Y € I strongly of the VIP:

(I=0O)Y,u—Y)>0 forallu eT.
Proof: Let Y € I'. From (13), we have

vy = 1l = llgj + 6 = =) =
< Nl = YN+ 6l = il (14)

From (13) and (17), we have

lwj — Yl = I(1 = gj)vj +¢jO W) — Y|
SA=gplvi =Yl +¢illOW) = Y|
<A =¢)lvy = Yl + 610 W) =M + 1O(Y) — Y1)
<@ =gplvy = Yl +gillvi = Y + 1©CY) = YI)
=1 =gl =r)lvi=YI+gllO() =Y
< (A= =mDlpj— Y+ A =g =x)billpj — wj—a1ll + g IOC) = Y. (15)
From (13) and (15), we have

i1 = YU < gjlIS(vj) = YII + (1 = g) IR(@)) — Y|
< ojllvi =Yl + 1 =gpllwj — Yl
<ojllps = Y +0llpj — wj—1l) + 1 — 0))(A — gj(A — k)l j — Y|
+ (1 =) —¢j(1 —=x))bjlluj — pj—1ll + i1 — PO (Y) — Y|
=1 =gc(1=g)A=r)luj =Y+ ¢iA—e)IO() =Y
+ (1 =1 — o)A — )Gl uj — w1l
(V) — Y|

=1 =g —e)A—m)lpj—YIl+¢A—eg)1—x) ( —x
(1—¢i(1—0)(1 —x)) Gilluj — ﬂj—lll)

16
(1-10)(1 —x) Sj (16)

By the condition %H,uj — pj—1ll = 0asj—> oo, there exists a constant M > 0 such that (1 — ¢;j(1 —

0j)(1 — K))% < M for all j € N. Hence

1—«k

@ —
Mier = 1 < (1= 61— 0)(1 = kNl — Y1 + 51 — ) (1 — ) (M+ 19¢r) Y”)

M+ |0(Y) — Y| I

< max { = VI, =

< max|lur —YI, (17)

1—«

M+]OM) =Yl ] _
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This demonstrates that the sequence {u;} is bounded, and it is simple to demonstrate that the
sequences {v;} and {w;} are bounded as well using (13).
From (13), (A1) and (A 3), we have

0; '
i = will = Gilluj — mjall < ﬁllﬂj — pj—1llgi—> 0 asj— oo (18)
j
and
lwj = vill = ¢jll®(;j) —vjll = 0 asj— oo. (19)
Using (13), we have
vi = vi—ill = llwj + 0 — wj—1) — wj—1 — Oi—1(j—1 — pj=2)|l
< lluj = pj—1ll + Ol pj — il + G-l pj—1 — wj-2ll (20)
and
lwj — wj—1ll = llgj® () + (1 — ¢j)vj — ¢j=1©Wj—1) — (1 — ¢j=1)vj—1]

= [15j® () — ¢j®(vj-1) + ;O (vj—1) + (1 — ¢j)vj — (1 — ¢j)vj—1
+ (1 = ¢j)vj—1 = =10 Wj—1) — (1 = gj—1)vj-1l
< gill®W) = OWj—DIl + (1 = ¢ llv; — vj1ll
+1gj = gj—1ll1®Wj—1) — vj1ll
< gjrllvi = vji—1ll + (1 = ¢)llv; — vj-1ll
+Igj — ¢j—1ll1®(vj-1) — vj-1l
= (1= ¢ =m)lvj = vji-1ll + I5j — §j-1ll1O (Vj-1) — vj-1ll. (21)

From (13), (20) and (21), we have

ljr1 — il = llejS(vj) + (1 = gj))R(wj) — 0j-1S(vj-1) — (1 — gj—1)R(®@j-1)||
= [lej(S(vj)) — S(vj-1)) + (1 — gj)(R(wj) — R(®j-1))
+ (0j — 0j-1)S(vj-1) — (¢j — 0j-1)R(wj-1) |
< 0jlIS(vj) = S|l + (1 = g) IR(®}) — R(wj-1) |l
+ loj — 0j-11IIS(vj—1) — R(®j-1)l
< gjllvi = vj—1ll + (1 = gj) loj — wj—1|
+loj — 0j-11IS(vj—1) = Y + Y — R(®j-1)|
< gjllvi = vi—1ll + (1 — g llwj — wj—1 1l + loj — 0j-11M1
< ojllv; —vi—1ll + (1 = g)((1 — ¢ (1 — x))[[vj — vj-1|
+1gj — j—1ll1®(vj-1) — vj-1l) + loj — 0j-11M)
=1 =g —0)A—r)llv; —vj-1ll + loj — gj—11M1
+ 1 =0j)lsji — ¢ji—1l1OWj-1) — vj-1ll
< (1 =¢i(1=0)A—=r))Npj— wj—1ll + Gl pj — wj—1ll + -1l uj—1 — pj—2ll)
+ (1= 0j)lgj — aj—11O0vj-1) — vji—1ll + loj — gj—11M;
< (=g =) —mDlluj — uj—1ll + Gl j — pj—1ll + O—1llwj—1 — wj-2ll
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+ (1 = j)lsj — aj-1lL + |oj — 0j-11M1
Oill i — w1l Oi—1llwj—1 — pj—2ll
< (1= )lluj — uj—1ll + ( .
S "\l —g)—x) * (1 —g)(1—x)
loj — 0j—11M lsj — Qj—llL)
il—g)l—x)  ¢(1—x)

1 Ojlluj — pj-1ll
= (1= )l — pj- ||+5-( ’
R A T

. L M — il

+‘ _Si1 + 1 loj — 0j-1l
g 1—-x) (1—g)(1—x) Sj
Sj-1 Oi-1lluj—1 — ,Uj—2||) (22)

gi(1 —0))(1 —x) Sj—1 ’

where L = sup;en{l|®(vj—1) —vji-1ll}, = ¢j(1 —g))(1 —«) and M = sup;enfllvi-1 — Y|l +
loj—1 — Y [} Note that 2111

— 0and limj_ o dj = 0. Apply Lemma 2.2 in (22), we get
||/lj+1 — /l]” — 0 as ]—) oQ. (23)
Using (18), (23) and triangle inequality, we obtain

ltjr1 = vill < Npjer — gl + g —vill > 0 as j— oo. (24)

From (13) and Lemma 2.5, we have

lj+1 = YI* = lej(S()) — Y) + (1 — g))(R(wj) — Y)II* (25)
< 0jlISW) = YI* + (1 — gpIR(@)) — YII* — 2j(1 — 2))IS(v}) — R(e))|I?
< ojllvi = YI*+ @ = gpllwj — YII* — 0j(1 — 2)IIS(}) — R(e)) 1> (26)

and

leoj = Y1* = 111 = ¢))(vj — Y) + (O ) — V)|1?
< (1 =g)lvi = YI*+gl0w) — Y|?
< [lvj = YI* + ¢jllO@w) — Y. (27)

Again from (13) and Lemma 2.3, we get

Ivj = Y11 = Il (j — ) + 6 (uj — wj—)II?
< llpj = YU 4+ 20(ptj — pj—1,v5 = Y)
<l = YI* + 26l g — pjllllv; = Y. (28)
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From (25), (27) and (28), we obtain
i = YI* < gjllvi = Y17 + @ = g (lv; = YI* + 6190 — Y1)
— 0j(1 = ) IS(vj) — R(w))|I*
< lvj = Y1+ ¢j(1 = g)I1O ) — Y?
— 0j(1 — 2)1S(vj) — R(@)|*
< lluj = YI* + 26l — i llllvj = Y|
+¢i(1 = 2DIO ) — YII* = g;(1 — 2)IS(j) — R(w))|1*.
= 0j(1 — g)IS0) = R@)I1* < llwj — YI> = ljgr = YIP + 261 5 — wjallllvj = |
+¢i(1— )10y — Y|?
< (i = Y1+ N = YD1 — il
+26il1 15 — il = Y1 + 61 = 21O () — Y.

(29)

Since {u;} is bounded, lim [luj+1 — jll =0, limj, 0o ¢j =0 and 0 < a < pj < b < 1, therefore
j—>oo
from (29), we get
[S(vj)) = R(wp|| > 0 as j— o0 (30)

and from (13), we get
ltj+1 = SO = (1 = @p)IIS(vy) — R(wp)ll < [IS(vj) — R(wj)[| - 0 as j—>oo.  (31)
Using (24), (31) and triangle inequality, we get
1S(v) = vjll < ISO) = pjr1ll + llgjer —vjll > 0 as j— oo. (32)
Again from (13) and (30), we get
ll#jr1 — R(@pll = gjlIS(vj) — R(@pll < 1S(vj) = R(wp| - 0 as j— oo
and
IR(wj) — wjll < [IR(@)) = jprll + llgj41 — wjll > 0 as j— oo. (33)
Let {;} be a subsequence of {;} such that

limsup(@(Y) — Y, uj — Y) = limsup(®(Y) — Y, uj; — Y). (34)
j—o0 j—>00
From (18) and (19), we obtain
limsup(®(Y) — Y, w; — Y) (35)
j— oo
= limsup((O(Y) — Y, 0; — vj) +(O(Y) = Y,v; — ;)
j—oo
+(OM) =Y, uj—Y))
< limsup([|O(Y) = Y[llwj — vl + 1O (Y) = Y [llv; — ;i

Jj— 0

+(O) =Y, uj =)
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< limsup [|O(Y) — Y|l[lwj — vj|| + limsup [[O(Y) — Y][{|v; — u;ll

Jj— 0 Jj— o0

+ limsup(®(Y) = Y, uj — Y)

Jj— 0

= limsup(@(Y) — Y, uj — Y).

j—o0

Since {u;} is bounded, we may assume that uj, — u* for some u* € E.
Using Lemma 2.4, (32) and (33), we have

utel
and from (35), we have

limsup(@(Y) — Y,w; — Y) < limsup(O(Y) — Y, uj — Y)

Jj— 00 j—oo

= limsup(O(Y) — Y, uj; — Y)

j—o0
=(O()=Y,u"=Y)<0.

From (13) and Lemma 2.3, we have

lwj = YII> = llgj® W) + (1 — ¢j)vj — Y|?
= (1 = ¢))(w; — Y) + ¢j(O ) — V)|I?
< (1 =¢)?lvi = YI* +26{®(v)) — Y, ; — Y).

Note that

210w) = O(Nlllwj = Yl < 2¢lv; = Ylllloy = YII < x(llv; = YII* + lloj = Y1),

From (13), (27), (28) and Lemma 2.3, we have

lj+1 = Y1I* = l2jSvj) + (1 — gj)R(wj) — Y|I?

< jlISy) — YII* + (1 — g)IR(w) — |I?

< gjllvi = YI*+ 1 = gpllwj — Y|?

< gjllvi = Y17 + @ = ) (A = )l = YI* + 26(® () — Y, 0 — Y))

= [oj+ (1 — 2)(1 — ¢)*1lvj = Y1I* +2(1 — g))i{O(Y) = Y, — Y)
+2(1 — 0j)5i(O(v) — O(Y),m; — Y)

< loj+ 1 =) =)l — YI> +2(1 — g)i{O(Y) — Y, 05 — Y)
+2(1 = g)gl1® () — O [lwj — Y|

< [oj+ @ — o)1 —¢)*IMvj = YII* +26i(1 — 0))(O(Y) — Y, 0, — Y)
+ gjie( = o) (v = YI* + oy — Y1)

= [oj + (1 — 0j)(1 — ¢j)* + gjx (1 — gp)1llv; — YII*
+ gjre(1 = gp)llwj — Y11 4+ 2¢j(1 — ) (O(Y) = Y, 05 — )

<loj+ 1 =) =)+ 2k (1 —gpllv; — Y|

(36)

(37)

(38)
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+ QJ-ZK(l —o)IO) = YII* + 2¢j(1 — 2)(O(Y) — Y, — )
= [1=2¢;(1 = )X = ©)lIvj = YI + ¢/ (1 = g lIvj = YII?
+¢7 (1= g)rll®W) = YI* +2(1 = g)¢;(O(Y) = Y, ;= Y)
< [1=26j(1 = )@ = )1l = YI* + 201l 5 — i llllv; — Y1)
+67 (1= oplvi = Y1+ 67 (1 — opll® () — Y|
+2(1 = j)gi(®(Y) = Y, 0j — Y)
< [1=26j(1 = 0)(1 — )]l tj — Y1 + 261l j — pejet lllvj — Y|
+ gjz(l —0)r®w) = YII* + §j2(1 —oj)llv; = YII?
+2(1 = gj)5i{O(Y) = Y,wj — Y)

=(1—Vj)||ﬂj—YI|2+Vj( e — wj—1llllvi = Y

g
gi(1 =) —x)
_5
2(1 — k)

gjk

+2(1 —K)

1
||®(vj)—Y||2+ ||Vj—Y||2+m(@(Y)—Y,&y—Y))

< (1—Vj)||#j—Y||2+Vj( lj — wj—1ll M

J
i1 —op(1 —x)

gjk Sj >
M M
+2(1—K) 3+2(1—1c) 2t

<@ =yl = YI*+ yjn;, (39)

where y; = 2¢;(1 — ¢j)(1 — k), My = sup{[lvj — Y|}, M3 = sup{[|®(vj) — ||} and
J J

1
(0N~ Y- Y))

M

B cjkMs giM3  (O(Y) = Y,wj— )
Gi(L =)l —x) ‘

2(1—k)  2(1—k) 1—k

7j e = sj—all +

o
Note that limj_, o 7; = 0, Z 7j = oo and from (19), (37), we get

j=1
lim sup nj < 0.
j— o0
Therefore, using the Lemma 2.2, we get
uj—= Y.
The proof is now complete. [

If we take S = Rand ¢ = O for all j € N and ®@(u) = u for all 4 € E, then Theorem 3.1 reduces
to the result [31, Theorem 5.4].

Corollary 3.2 ([31, Theorem 5.4]): Let E be a nonempty CCS of H and let R : E — E be an NE
mapping such that Fix(R) # @. Assume that {g;} and {o;} be real sequences which fulfils the requirements
(A1) and (A2). Then the sequence {u;} created by

[(Uj = gju+ (1 — ¢,
ti+1 = 0jR(j) + (1 — gj)R(wj), jeN, uek

converges strongly to ;1 = Prix(r) (1).
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Proof: From Theorem 3.1, the proof of the corollary can be obtained by accepting ® (u) = u for
every u € Eand S = Rand ¢; = O forallj € N. |

Remark 3.3: Our Algorithm 3.1 provides strong convergence results in real Hilbert spaces, while
Sahu et al. [33] have proved the weak convergence results. Our result is improvement over the results
of Sahu [31, Theorem 5.4] and Qin et al. [29, Theorem 2.1].

3.1. CS for variational inequality problems

Let E be anonempty closed affine subset of H. Leta > 0be constant, A : E — H be a a-ISM mapping
and Pg be the metric projection mapping from H onto E. For 4 € (0, 2a) the mapping PE(I — 14) is
NE operator [31].

Problem 3.4: Let E be a nonempty closed affine subset of H and let A, B : E — H be two a-ISM and
S-ISM mappings, respectively. The objective is to find u* € E such that

1 e Q=0Q4nQp,

where Qu ={u* € E: (Au*,u—u*)>0,YueE} and Qp={u*e€E:(Bu*,u—u*) >0,
Vu € E}.

We now give an application of Theorem 3.1 for finding solutions to Problem 3.4.

Theorem 3.5: Let E be a nonempty closed affine subset of H. Let o, f > 0, A,B: E — H be two a-
ISM and [-ISM mappings respectively, such that the solution set Q # 0. Assume that ® : E — E be a
contraction mapping and {¢;}, {0;}, {0;} are sequences in (0, 1) which fulfils the requirements (A1), (A2)
and (X3). Let y; € (0,2a) and y; € (0,2f). Let {1} be a sequence in E generated from o, pt; € E and
defined by

Vi = 4+ 0i(uj — i1
wj = ¢jO ) + (1 — ¢j)vj; (40)
Ujr1 = 0jS(j)) + (1 — gj)R(wj), jeN
where S,R : E — E defined by Sy = Pp(u — y1Au) and Ru = Pp(u — y1Bp) for all i1 € E. Then the
sequence {u} converges strongly to the unique solution u* € Q of the VIP
(T—-—O)u*,u—pu*) >0 forallu e Q.

Proof: From the proof of Theorem 3.1, the theorem’s proof is derived. [

4. Numerical examples

This section offers a few numerical examples that demonstrate the suggested algorithm’s efficiency
and convergence. We will compare our Algorithm 3.1 with the iteration process (10) of Sahu [31]
and (11) of Qin et al. [29] to illustrate the performance of Algorithm 3.1. For Algorithm 3.1, we take
the contraction mapping ® : R®> — R? defined by

O (1, p2, t3) = (%% %) for all (1, 2 u3) € R2.

For the comparison of our Algorithm 3.1 with iteration processes (10) and (11), we take uo =
(0.1,0.3,0.1), u; = (0.2,1.0,0.1), u = (0.01,0.02,0.1) and 0 =03, ¢j = j;\/T’ 0j =04 for each

j € N. We use the condition Ej = ||uj4+1 — ujll < 10~° to terminate the all iteration processes.
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1 00 T T T T T |
—&— iteration process 3.1
iteration process 1.11
T QP —&— iteration process 1.10 | _

10

-6 ! ! Il —
10
0 1000 2000 3000 4000 5000 6000

Number of iterations

Figure 1. Comparison of Algorithm 3.1 with iteration processes (10) and (11).

Example 4.1: Let A = (

normandg, b : RS R

1 (203 _ _ o3
%),B— (gé%),b—(io,l) and d = (2,0,3). Let H = R’ with usual

the two mappings defined by

g —ow
0 oo

1 1
g(u) = JllAu = b|* and h(u)=_|IBu —d|* forallpeR’.

Note that Vg(u) = A*(Au — b) for all 4 € R3, it follows that

IVe(u) = Vgl = [A*(Au = b) — A*(Av = b)|| < [AIPllx = v

_1_
118112

hence (I — y1Vg) and (I — y, Vh) are NE from R? into R for y; € (0, m) and y, € (0, ﬁ) Here,
|A]l = 5.7093 and || B|| = 5. Therefore, R, S : R> — R> be the NE mappings defined by

for all 4, v € R3. Hence, Vg(u) and Vh(u) are W and -ISM operators respectively [5], and

S(u) = p — 71A*(Au —b) and R(u) = u — y2B*(Bu — d)

for y; € (0, ﬁ) and y; € (0, %). Take E = R? the VIPs have a CS u* = (1,0,0) € Qg N Qyp.
By using the Theorem 3.5, we can find the solution of Problem 3.4. The numerical results are presented

in Figure 1.
Example 4.2: Let H = R? with usual norm and S, R : R* — R3 be the mappings defined by

. p1t M2 1 — Mo sin2us
R(,ul,luz,,u3):(s1n'u 2,u ,sm'u ~ , a ) forall (u1, u2 u3) € R?

2 2
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and

1Fsinu; gy +sinuy w3+ sin us
S(,ul,,tlz,,u3)=('u AL H r2 K K ) for all (i1, 42, 13) € R?

2 2 2

both S, R are NE mapping with (0,0,0) is a common FP of S and R. Let u = (i1, u2, 43), v =
(v1,V2,v3) € R3 be any two points, then

. . 2
- sin 2 v +v V] — vy sin2v
IR(x) — RW)|)? = sin’ul—‘_#z,sin#l #2, H3\ sin 1+ 2’sin 1 2, 3
2 2 2 2
2 2
ur+pu2 vit+v Hr— 2 vi—v 1 2
< - - —2u3 —2v
—‘ 2 2 ‘ 2 2| Tl 2l
2 2 2 2
-V -V -V -V
52‘% +2‘“2 2l 42 ’“2 Lo+ ”22 21 s —vsP?

=1 =il + 2 —val? + lus —vsl? = lu —v|?
which implies
IR(u) = RW)I| < llu —v] Vpu,veR.

Similarly

>

M1t sinpy o+ sinpy s+ sin s
S(u) — SW)|I* = ,
[1S(u) = SW)I H( 5 3 5 )

> >

Vi +sinvy vy +sinvy vz + sinvs 2
2 2 2

2

. . 2
’,ul+sm,ul V1 + sinvy

‘,uz—i-sin,uz vy + sinvy

2 2 2 2
+ U3+ sin 3 V3 + sinvs 2
2 2
<1(2|—22' —sinvy | + 2|u2 — va|? + 2| s — sin vy |?
= Hu1 — 1”4 2|sin gy —sinvy | + 2| @2 — v2|” 4 2| sin up — sinvy|

+2lp3 = v3|* + I sin 3 — sinvs|?)
< }L(zlm —vil® 4 20y =il + 2l = vaf? + 21wz — val?
+ 2|z —vs3l* + |z —v3l?)
<l =il + a2 =2l + s —val* =l — v
which implies
I1S() = SOl < llw — vl forall u,v € R,

Hence both S and R are NE operators. The numerical results are presented in Figure 2.
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Figure 2. Comparison of Algorithm 3.1 with iteration processes (10) and (11).

Example 4.3: Let H = R? with usual norm and S, R : R?> — RR? be the mappings defined by

i +sinuy o +sinuy

S(ui, u2) = ( 5 , 5 ) for all (u1, uz) € R?

and

R(u1, u2) = (sin s _;'uz,sin ad ; ,uz) for all (u1, uz) € R?

both S and R are NE mapping possessing a common FP (0, 0).

Let ® : H — 'H be a contraction mapping defined by

O (1, p2) = (%%) for all (1, 42) € R2.

Take 119 = (0.1,0.3), 1 = (0.2,1.0),6; = 1, ¢j = ﬁ and different values of p; = 0.2,0.4,0.6,0.8
in Algorithm 3.1, iteration process (10) and (11). The numerical results are described in Table 1 and

for pj = 0.4 in Figure 3. The results demonstrate that Algorithm 3.1 performs better than the iteration
process (10) and (11).



INTERNATIONAL JOURNAL OF COMPUTER MATHEMATICS 17

10° . . .

—S—iteration process 3.1
*  iteration process 1.10
—&—jteration rocess 1.11 ||

107!

1072

w" 107

Il

100 150
Number of iterations

200
Figure 3. Comparison of Algorithm 3.1 with iteration processes (10) and (11).

Table 1. Comparison of Algorithm 3.1 with iteration processes (10) and (11) by elapsed time in seconds.

No. of iterations 0j Algorithm 3.1 Iteration process 10 Iteration process 11
100 0.2 0.006783 0.006963 0.006838
100 0.4 0.006619 0.006896 0.006851
100 0.6 0.005909 0.006997 0.007004
100 0.8 0.006393 0.006935 0.006813

5. Conclusion

We presented a novel inertial viscosity approximation algorithm in a real Hilbert space in this article
to examine a CE of the set of FPs of two nonexpansive operators. Our findings were then used to
determine the CS of two variational inequality problems, and the suggested approach showed strong
convergence. The major contribution of our proposed Algorithm 3.1 is to find the common solution
of a pair of VIPs and fast convergence in comparison to the iteration processes (10) and (11) having the
same number of iterations. Also the importance of our Algorithm has been mentioned in Remark 3.3
in relation to existing results in the current literature. Lastly, we provided a few numerical examples
to show how effective our suggested methodology is compared to some other iterative techniques.
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